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Some results on Kharaghani typeorthogonal designsS. Georgiou, C. KoukouvinosDepartment of Mathemati
sNational Te
hni
al University of AthensZografou 15773, Athens, Gree
eandJ. SeberryS
hool of IT and Computer S
ien
eUniversity of WollongongWollongong, NSW, 2522, AustraliaAbstra
tIn this paper we give a general theorem whi
h 
an be used to mul-tiply the length of ami
able sequen
es keeping the ami
ability prop-erty and the type of the sequen
es. As a 
onsequen
e we have thatif there exist two, four or eight ami
able sequen
es of length m andtype (a1; a2); (a1; a2; a3; a4) or (a1; a2; : : : ; a8) then there exist ami-
able sequen
es of length ` � 0 (mod m) and of the same type. Wealso present a theorem that produ
es a set of 2v ami
able sequen
esfrom a set of v (not ne
essary ami
able) sequen
es and a 
onstru
-tion method for ami
able sequen
es of type (a1; a1; a2; a2; : : : ; av; av)from v pairs of disjoint (0;�1) ami
able sequen
es.Using these results we 
an obtain many in�nite 
lasses of Khara-ghani type orthogonal designs. A
tually, if there exists an Kharaghanitype orthogonal design of order n and of type (a1; a2; : : : ; av); whi
his 
onstru
ted from sequen
es, then there exists an in�nite family ofKharaghani type orthogonal designs of the same type whi
h is 
on-stru
ted from appropriate sequen
es.Key words and phrases: Sequen
es, orthogonal designs, Kharaghanitype orthogonal designs, ami
able sets, Hall polynomial.AMS Subje
t Classi�
ation: Primary 05B15, 05B20.1



1 Introdu
tionAn orthogonal design of order n and type (s1; s2; : : : ; su) denoted OD(n; s1;s2; : : : ; su) in the variables x1; x2; : : : ; xu, is a matrix A of order n withentries in the set f0;�x1;�x2; : : : ;�xug satisfyingAAT = uXi=1(six2i )In;where In is the identity matrix of order n. Let A1; A2 be 
ir
ulant matri
esof order n with entries in f0;�x1;�x2g satisfying A1AT1 +A2AT2 = (s1x21+s2x22)In: ThenD = � A1 A2�AT2 AT1 � or D = � A1 A2R�A2R A1 � : (1)is an OD(2n; s1; s2).Let Bi, i = 1; 2; 3; 4 be 
ir
ulant matri
es of order n with entries inf0;�x1;�x2; : : : ;�xug satisfying4Xi=1 BiBTi = uXi=1(six2i )In:Then the Goethals-Seidel arrayG = 0BB� B1 B2R B3R B4R�B2R B1 BT4 R �BT3 R�B3R �BT4 R B1 BT2 R�B4R BT3 R �BT2 R B1 1CCA (2)where R is the ba
k-diagonal identity matrix, is an OD(4n; s1; s2; : : : ; su).See page 107 of [1℄ for details.A pair of matri
es A;B is said to be ami
able (anti-ami
able) if ABT �BAT = 0 (ABT + BAT = 0). Following [4℄ a set fA1; A2; : : : ; A2ng ofsquare real matri
es is said to be ami
able ifnXi=1 �A�(2i�1)AT�(2i) �A�(2i)AT�(2i�1)� = 0 (3)for some permutation � of the set f1; 2; : : : ; 2ng. For simpli
ity, we willalways take �(i) = i unless otherwise spe
i�ed. SonXi=1 �A2i�1AT2i �A2iAT2i�1� = 0: (4)2



Clearly a set of mutually ami
able matri
es is ami
able, but the 
onverseis not true in general. Throughout the paper Rk denotes the ba
k diagonalidentity matrix of order k.A set of matri
es fB1; B2; : : : ; Bng of order m with entries in f0;�x1;�x2; : : : ;�xug is said to satisfy an additive property of type (s1; s2; : : : ; su)if nXi=1 BiBTi = uXi=1(six2i )Im: (5)Let fAig8i=1 be an ami
able set of 
ir
ulant matri
es (or type 1) of type(s1; s2; : : : ; su) of order t. Then the Kharaghani array from [4℄H = 0BBBBBBBBBBBB� A1 A2 A4Rn A3Rn A6Rn A5Rn A8Rn A7Rn�A2 A1 A3Rn �A4Rn A5Rn �A6Rn A7Rn �A8Rn�A4Rn �A3Rn A1 A2 �AT8 Rn AT7 Rn AT6 Rn �AT5 Rn�A3Rn A4Rn �A2 A1 AT7 Rn AT8 Rn �AT5 Rn �AT6 Rn�A6Rn �A5Rn AT8 Rn �AT7 Rn A1 A2 �AT4 Rn AT3 Rn�A5Rn A6Rn �AT7 Rn �AT8 Rn �A2 A1 AT3 Rn AT4 Rn�A8Rn �A7Rn �AT6 Rn AT5 Rn AT4 Rn �AT3 Rn A1 A2�A7Rn A8Rn AT5 Rn AT6 Rn �AT3 Rn �AT4 Rn �A2 A1 1CCCCCCCCCCCCA (6)is a Kharaghani type orthogonal design OD(8m; s1; s2; : : : ; su).The Kharaghani array has been used in a number of papers [2, 3, 4, 5, 6℄to obtain in�nitely many families of Kharaghani type orthogonal designs.A set fAig4i=1 is said to be a short ami
able set of length m and type(u1; u2; u3; u4) if (4) and (5) are satis�ed for n = 4 and u � 4. Shortami
able sets 
an be used in either the Goethals-Seidel array or the shortKharaghani array 2664 A B CR DR�B A DR �CR�CR �DR A B�DR CR �B A 3775 (7)to form an Goethal-Seidel type orthogonal design OD(4m;u1; u2; u3; u4).A set of sequen
es Ak = fak;0; ak;1; : : : ; ak;m�1g, k = 1; 2; : : : ; 2v whereak;j 2 f0;�x1; �x2; : : : ;�xpg; j = 0; 1; : : : ;m � 1 and k = 1; 2; : : : ; 2v issaid to be a set of 2v ami
able sequen
es of length m and type (u1; u2; : : : ;up) if the 
orresponding 
ir
ulant matri
es whi
h are 
onstru
ted from thesesequen
es satisfy the equations (4) and (5). On the other hand, it is 
learthat, if we have a set of 
ir
ulant ami
able matri
es then their �rst rows
an be 
onsidered as a set of ami
able sequen
es. Therefore, throughoutthis paper we use either 
ir
ulant ami
able matri
es or ami
able sequen
es.Given the sequen
e A = fa1; a2; : : : ; ang of length n the non-periodi
auto
orrelation fun
tion (NPAF) NA(s) is de�ned asNA(s) = n�sXi=1 aiai+s; s = 0; 1; : : : ; n� 1; (8)3



Given A as above of length n the periodi
 auto
orrelation fun
tion (PAF)PA(s) is de�ned, redu
ing i+ s modulo n, asPA(s) = nXi=1 aiai+s; s = 0; 1; : : : ; n� 1: (9)We de�ne the NPAF (PAF ) of a set of sequen
es the sum of the 
orre-sponding NPAF (PAF ) of the individual sequen
es.Suppose C = 
ir
(
0; 
1; : : : ; 
n�1) is a 
ir
ulant matrix of order n.Let Tn = 2666664 0 1 0 0 : : : 00 0 1 0 : : : 0... ...0 0 0 0 : : : 11 0 0 0 : : : 0
3777775of order n, be the shift matrix. Then we 
an write C = 
0I + 
1Tn +: : : + 
n�1Tn�1n . Note that Tnn = I the identity matrix of order n. Wesay the Hall polynomial of C is Pn�1i=0 
ixi. The Hall polynomial of CT isPn�1i=0 
ixn�i.2 Multipli
ation of the length of ami
able setsof sequen
esTheorem 1 Let Ak = fak;0; ak;1; : : : ; ak;m�1g, k = 1; 2; : : : ; 2v where ak;j 2f0;�x1;�x2; : : : ; �xpg; j = 0; 1; : : : ;m � 1 and k = 1; 2; : : : ; 2v be a setof 2v ami
able sequen
es of length m and type (u1; u2; : : : ; up): Then thereexist a set of 2v ami
able sequen
es of length ` � 0 ( mod m) = mi for alli = 1; 2; : : : and type (u1; u2; : : : ; up):Proof. Let i be a 
onstant integer. We use the map T km to de�ne sequen
esAk and the map Sk̀ = T km to de�ne sequen
es BkBk = m�1Xj=0 ak;jS j̀ ; k = 1; 2; : : : ; 2vNow 2vXk=1AkATk = m�1Xj=0 m�1Xx=0 2vXk=1 �ak;jak;xT j�xm � =  pXk=1ukx2k! Im:Thus we have that 4



(i) Ifm is odd then the 
oeÆ
ients of T �m; � = �(m�1); : : : ;�1; 1; : : : ;m�1 is zero, and the 
oeÆ
ient of T 0m is pXk=1ukx2k.That meansm�1X j; x = 0j � x = � 2vXk=1ak;jak;x = 0 and m�1Xj=0 2vXk=1a2k;j = pXk=1ukx2k(10)(ii) If m is even, m = 2n then we have that Tnm = T�nm and so the 
oeÆ-
ients of T �m; � = �(2n�1); : : : ;�(n+1);�(n�1); : : : ;�1; 1; : : : ; n�1; n+ 1; : : : ; 2n� 1 are zero, the 
oeÆ
ient of Tnm plus the 
oeÆ
ientof T�nm is zero and the 
oeÆ
ient of T 0m is pXk=1ukx2k.That meansm�1X j; x = 0j � x = �� 6= �n 2vXk=1ak;jak;x = 0;m�1X j; x = 0j � x = �n 2vXk=1ak;jak;x = 0 and m�1Xj=0 2vXk=1a2k;j = pXk=1ukx2k(11)Now 2vXk=1BkBTk = m�1Xj=0 m�1Xx=0 2vXk=1 �ak;jak;xSj�x` �We have that the 
oeÆ
ients of S�̀ are equal to the 
oeÆ
ients of T �m forall � = �(m� 1); : : : ;m� 1, and so using equations (10) or (11) we obtain2vXk=1BkBTk =  pXk=1ukx2k! I2mi =  pXk=1ukx2k! I` (12)MoreovervXk=1 �A2k�1AT2k �A2kAT2k�1�=m�1Xj=0 m�1Xx=0 vXk=1 �(a2k�1;ja2k;x � a2k;ja2k�1;x)T j�xm �=0and from these we have that(i) if m odd, then the 
oeÆ
ients of T �m; � = �(m � 1); : : : ;m � 1 arezero.That meansm�1X j; x = 0j � x = � vXk=1(a2k�1;ja2k;x � a2k;ja2k�1;x) = 0 (13)
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(ii) if m is even, m = 2n then the 
oeÆ
ients of T �m; � = �(2n �1); : : : ;�(n+1);�(n�1); : : : ; n�1; n+1; : : : ; 2n�1 are zero and the
oeÆ
ient of Tnm plus the the 
oeÆ
ient of T�nm is zero. That meansm�1X j; x = 0j � x = �� 6= �n vXk=1(a2k�1;ja2k;x�a2k;ja2k�1;x) = 0andm�1X j; x = 0j � x = �n vXk=1(a2k�1;ja2k;x�a2k;ja2k�1;x) = 0(14)NowvXk=1�B2k�1BT2k �B2kBT2k�1� = m�1Xj=0 m�1Xx=0 vXk=1�(a2k�1;ja2k;x � a2k;ja2k�1;x)Sj�x` �We have that the 
oeÆ
ients of S�̀ are equal to the 
oeÆ
ients of T �m forall � = �(m � 1); : : : ;m � 1 and so using equations (13) or equations (2)we obtain vXk=1 �B2k�1BT2k �B2kBT2k�1� = 0 (15)Equations (12) and (15) show that fBkg2vk=1 is an ami
able set of ma-tri
es (sequen
es) of length ` � 0(mod m); ` = mi; i = 1; 2; : : : and type(u1; u2; : : : ; up): 2Corollary 1 Let Ak = fak;0; ak;1; : : : ; ak;m�1g, k = 1; 2 where ak;j 2f0;�x1;�x2g; j = 0; 1; : : : ;m � 1 and k = 1; 2 be a set of two ami
a-ble sequen
es of length m and type (u1; u2): Then there exist a set of twoami
able sequen
es of length ` � 0 ( mod m) = mi and type (u1; u2):Proof. Use Theorem 1 with 2v = 2 and p = 2:Example 1 We have that A1 = 0T 04 + aT 14 + bT 24 � aT 34 and A2 = 0T 04 +aT 14 + 0T 24 + aT 34 is a set of two ami
able matri
es (sequen
es) of lengthm = 4 and type (1; 4): Corollary 1 gives a set of two ami
able sequen
es oflength m = 4i and type (1; 4) for all i = 1; 2; : : : :Corollary 2 Let Ak = fak;0; ak;1; : : : ; ak;m�1g, k = 1; 2; 3; 4 where ak;j 2f0;�x1;�x2;�x3; �x4g; j = 0; 1; : : : ;m � 1 and k = 1; 2; 3; 4 be a set offour ami
able sequen
es of length m and type (u1; u2; u3; u4): Then thereexist a set of four ami
able sequen
es of length ` � 0 ( mod m) = mi andtype (u1; u2; u3; u4):Proof. Use Theorem 1 with 2v = 4 and p = 4:6



Example 2 We have that A1 = aT 03 � bT 13 + aT 23 , A2 = bT 03 + aT 13 + bT 23and A3 = aT 03 + aT 13 � aT 23 , A4 = bT 03 + bT 13 + bT 23 is a set of four ami
ablematri
es (sequen
es) of length m = 3 and type (6; 6): Corollary 2 givesa set of four ami
able sequen
es of length m = 3i and type (6; 6) for alli = 1; 2; : : : :Corollary 3 Let Ak = fak;0; ak;1; : : : ; ak;m�1g, k = 1; 2; : : : ; 8 where ak;j 2f0;�x1;�x2; : : : ; �x8g; j = 0; 1; : : : ;m � 1 and k = 1; 2; : : : ; 8 be a set ofeight ami
able sequen
es of length m and type (u1; u2; : : : ; u8): Then thereexist a set of eight ami
able sequen
es of length ` � 0 (mod m) = mi andtype (u1; u2; : : : ; u8):Proof. Use Theorem 1 with 2v = 8 and p = 8:Example 3 We have that A1 = �aT 07 +aT 17 +aT 27 +gT 37 +aT 47 +eT 57 +
T 67 ,A2 = �fT 07 +fT 17 +fT 27 �hT 37 +fT 47 +bT 57 �dT 67 , A3 = �gT 07 +gT 17 +gT 27 �aT 37 +gT 47 + 
T 57 � eT 67 , A4 = �hT 07 +hT 17 +hT 27 +fT 37 +hT 47 +dT 57 + bT 67 ,A5 = �eT 07 +eT 17 +eT 27 �
T 37 +eT 47 �aT 57 +gT 67 , A6 = �dT 07 +dT 17 +dT 27 �bT 37 + dT 47 �hT 57 + fT 67 , A7 = �bT 07 + bT 17 + bT 27 + dT 37 + bT 47 � fT 57 � hT 67and A8 = �
T 07 + 
T 17 + 
T 27 + eT 37 + 
T 47 � gT 57 � aT 67 is a set of eightami
able matri
es (sequen
es) of lengthm = 7 and type (7; 7; 7; 7; 7; 7; 7; 7):Corollary 3 gives a set of eight ami
able sequen
es of length m = 7i andtype (7; 7; 7; 7; 7; 7; 7; 7) for all i = 1; 2; : : : :Remark 1 Using Corollaries 1, 2 and 3 as indi
ated by the examples andusing array (1), (2) or (7) and (6) respe
tively we obtain many in�nite
lasses of orthogonal designs.
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3 Constru
tion of ami
able sets of sequen
esfrom non ami
able sets of sequen
esLemma 1 Let Ak = fak;0; ak;1; : : : ; ak;m�1g; k = 1; 2; : : : ; v1, where ak;j 2f0;�x1;�x2; : : : ; �xpg; j = 0; 1; : : : ;m � 1 and k = 1; 2; : : : ; v1 be a setof v1 ami
able sequen
es of length m and type (u1; u2; : : : ; up) and Br =fbr;0; br;1; : : : ; br;m�1g; r = 1; 2; : : : ; v2, where br;s 2 f0;�y1;�y2; : : : ;�yqg;s = 0; 1; : : : ;m� 1 and r = 1; 2; : : : ; v2 be a set of v2 ami
able sequen
es oflength m and type (t1; t2; : : : ; tq):Then there exist a set of v1 + v2 ami
able sequen
es of length m and type(u1; u2; : : : ; up; t1; t2; : : : ; tq):Proof. These are the sequen
es Ak; k = 1; 2; : : : ; v1 and Bk; k =1; 2; : : : ; v2 together. 2Corollary 4 Let Ak = fak;0; ak;1; : : : ; ak;m1�1g; k = 1; 2; : : : ; v1, whereak;j 2 f0;�x1;�x2; : : : ;�xpg; j = 0; 1; : : : ;m1 � 1 and k = 1; 2; : : : ; v1 bea set of v1 ami
able sequen
es of length m1 and type (u1; u2; : : : ; up) andBr = fbr;0; br;1; : : : ; br;m2�1g; r = 1; 2; : : : ; v2, where br;s 2 f0;�y1;�y2;: : : ;�yqg; s = 0; 1; : : : ;m2 � 1 and r = 1; 2; : : : ; v2 be a set of v2 ami
ablesequen
es of length m2 and type (t1; t2; : : : ; tq):Then there exist a set of v1 + v2 ami
able sequen
es of length ` � i where` = [m1;m2℄ is the least 
ommon multiple (l.
.m.) of m1 and m2 and type(u1; u2; : : : ; up; t1; t2; : : : ; tq):Proof. Sin
e ` is the least 
ommon multiple of m1 and m2 then ` = m1 �i1 = m2 �i2: Using theorem 1 we 
an 
onstru
t a set of v1 ami
able sequen
esof length ` and type (u1; u2; : : : ; up) and a set of v2 ami
able sequen
es oflength ` and type (t1; t2; : : : ; tq): Now using Lemma 1 we obtain a set ofv1+v2 ami
able sequen
es of length ` and type (u1; u2; : : : ; up; t1; t2; : : : ; tq):Using theorem 1 again in the derived sequen
es we have the result. 2Example 4 We have that A1 = fe; fg; A2 = fe;�fg; A3 = fe; 0g; A4 =ff; 0g is a short ami
able set of length 2 and type (3; 3): We also have thatA1 = fa; a; b;�bg; A2 = f
; 
; d;�dg; A3 = fd; d;�
; 
g; A4 = fb; b;�a; agis a short ami
able set of length 4 and type (4; 4; 4; 4): Now ` = [4; 2℄ = 4and thus from 
orollary 4 we obtain eight ami
able sequen
es of length ` � iand type (3; 3; 4; 4; 4; 4) for all i = 1; 2; : : : :Theorem 2 (Doubling the number of sequen
es ) Let Ak = fak;0;ak;1; : : : ; ak;m�1g, k = 1; 2; : : : v where ak;j 2 f0;�x1;�x2; : : : ;�xpg; j =0; 1; : : : ;m�1 and k = 1; 2; : : : ; v be v sequen
es with PAF=0 (or NPAF=0)of length m and type (u1; u2; : : : ; up): Then there exist a set of 2v ami-
able sequen
es of length m and type (2u1; 2u2; : : : ; 2up) with PAF=0 (orNPAF=0). 8



Proof. Set B2k�1 = B2k = 
ir
(Ak); k = 1; 2; : : : ; v: Then2vXk=1BkBTk = 2 � vXk=1AkATk =  pXi=12uix2i! Imand B2k�1BT2k �B2kBT2k�1 = AkATk �AkATk = 0; k = 1; 2; : : : ; v:Thus fBkg2vk=1 is a set of 2v ami
able matri
es (sequen
es) of length m andtype (2u1; 2u2; : : : ; 2up): 24 More Constru
tionsTheorem 3 Let (Xk; Yk); k = 1; 2; : : : ; v be v pairs of sequen
es of lengthsmk with the properties ZkZTk +WkW Tk = pkImk (16)ZkW Tk �WkZTk = 0 (17)Zk �Wk = 0 (18)for all k = 1; 2; : : : ; v, where Zk = 
ir
(Xk) and Wk = 
ir
(Yk): Thenthere exist a set of 2v ami
able sequen
es of length ` � 0 mod [m1;m2;: : : ;mv ℄, where [m1;m2; : : : ;mv℄ is the least 
ommon multiple (l.
.m.) ofm1;m2; : : : ;mv and of type (p1; p1; p2; p2; : : : ; pv ; pv) on the set fa1; a2; : : : ;a2vg of 
ommuting variables.Proof. SetBk = a2kXk + a2k�1Yk; and Ck = �a2k�1Xk + a2kYk; k = 1; 2; : : : ; vCondition (18) gives that Bk; k = 1; 2; : : : ; v and Ck; k = 1; 2; : : : ; v aresequen
es of lengths mk; k = 1; 2; : : : ; v and type (p1; p1; p2; p2; : : : ; pv; pv):For any k and by simple 
al
ulations using 
onditions (16) and (17) wehave thatBkBTk + CkCTk = (pka22k�1 + pka22k)Imk and BkCTk � CkBTk = 0Now from theorem 1, there are sequen
es Dk and Ek of length ` � 0mod [m1;m2; : : : ;mv ℄, k = 1; 2; : : : ; v, with the desirable properties. Bylemma 1 we have the result. 29



Example 5 Set Z1 = f1g, W1 = f0g, Z2 = f1; 0g, W2 = f0; 1g, Z3 =f1; 1; 1;�1g, W3 = f0; 0; 0; 0g, Z4 = f0; 1; 0;�1; 0; 1g and W4 = f0; 0; 1; 0;1; 0g: These are four pair of sequen
es of lengths 1; 2; 4 and 6 satisfy-ing 
onditions (16), (17) and (18) with p1 = 1, p2 = 2, p3 = 4 andp4 = 5: We have that [1; 2; 4; 6℄ = 12 and from theorem 3 we obtaineight sequen
es of length ` � 0 (mod 12) and of type (1; 1; 2; 2; 4; 4; 5; 5)on the set fa1; a2; : : : ; a8g of 
ommuting variables whi
h 
an be used inthe Kharaghani array (6) to obtain an in�nite 
lass of Kharaghani typeorthogonal designs OD(8`; 1; 1; 2; 2; 4; 4; 5; 5):Referen
es[1℄ A.V.Geramita, and J.Seberry, Orthogonal Designs: Quadrati
 Formsand Hadamard Matri
es, Mar
el Dekker, New York-Basel, 1979.[2℄ W.H. Holzmann, and H. Kharaghani, On the Plotkin arrays, Australas.J. Combin., 22 (2000), 287-299.[3℄ W.H. Holzmann, and H. Kharaghani, On the orthogonal designs oforder 24, Dis
rete Appl. Math., 102 (2000), 103-114.[4℄ H. Kharaghani, Arrays for orthogonal designs, J. Combin. Designs, 8(2000), 166-173.[5℄ C. Koukouvinos and J. Seberry, Orthogonal designs of Kharaghanitype: I, Ars Combin., to appear.[6℄ C. Koukouvinos and J. Seberry, In�nite families of orthogonaldesigns : I, Bull. Inst. Combin. Appl., to appear.
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