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Abstract

We find new full orthogonal designs in order 72 and show that of 2700 possible
OD(72; s1, 82,83, 12—81 —s2—s3) 335 are known, of 432 possible OD(72; s1, s2, 72—s1 —82)
308 are known. All possible OD(72;s1,72 — s1) are known.

Key words and phrases: Construction, sequences, circulant matrices, amicable sets, orthogo-
nal designs.
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1 Introduction

An orthogonal design of order n and type (s1, S2,...,58y) (8; > 0), denoted OD(n; s1, 82, ..., Syu),

on the commuting variables z1, z2, . .., z, is an nxXn matrix A with entries from {0, £z, 1z, . ..

+ z,,} such that
u
AAT = (Z siz) 1,
i=1

Alternatively, the rows of A are formally orthogonal and each row has precisely s; entries of
the type ;. In [1], where this was first defined, it was mentioned that

ATA = (Z six?)In
=1

and so our alternative description of A applies equally well to the columns of A. It was also
shown in [1] that u < p(n), where p(n) (Radon’s function) is defined by p(n) = 8¢+ 2%, when
n=2%,bodd, a=4c+d,0<d<4.

A weighing matrix W = W(n, k) is a square matrix with entries 0,41 having &k non-
zero entries per row and column and inner product of distinct rows zero. Hence W satisfies
WWT = kI,,, and W is equivalent to an orthogonal design OD(n; k). The number £ is called
the weight of W. If k = n, that is, all the entries of W are +1 and WW7' = nlI,, then W is
called an Hadamard matrix of order n.In this case n = 1,2 or n = 0(mod 4).
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Given the sequence A = {ai,as,...,a,} of length n the non-period ic autocorrelation
function N4(s) is defined as

n—s
NA(s):ZaiaHs, s=0,1,...,n—1, (1)
i=1
If A(z) =ay +azz+...+a,2z" ! is the associated polynomial of the sequence A, then
n n o n—1
A(2)A(z71) = Z Z aja;z" 7 = Na(0) + Z Na(s)(z° 4+ 2%),z #0. (2)
i=1j=1 s=1

Given A as above of length n the periodic autocorrelation function P(s) is defined, reducing
1+ s modulo n, as

n
Pa(s) :Zaiaﬂ_s, s=0,1,...,n—1. (3)
i=1

The following theorem which uses four circulant matrices in the Goethals-Seidel array is very
useful in our construction for orthogonal designs.

Theorem 1 [2, Theorem 4.49] Suppose there exist four circulant matrices A, B, C, D of
order n sati sfying
AAT + BBT + ¢cCc” + DDT = fI,

Let R be the back diagonal matriz. Then

A BR CR DR
—-BR A DR —-C"R
-CR -DTR A BTR
-DR C"™R -BTR A

GS =

is a W(4n, f) when A, B, C, D are (0,1, —1) matrices, and an orthogonal design OD(4n; s1, S2,
...y Sy) ON T1,To,...,x, when A, B, C, D have entries from {0,%xy,...,xz,} and f =
> (se3). U

Corollary 1 If there are four sequences A, B, C, D of length n with entries from {0, £z,
+ 9, a3, 24} with zero periodic or non-periodic autocorrelation function, then these se-
quences can be used as the first rows of circulant matrices which can be used in the Goethals-
Seidel array to form an OD(4n; sy, 89, 83,84). We note that if thew non-periodic autocorrela-
tion function is zero, then there are sequences of length n + m for all m > 0. O

This method for constructing orthogonal designs was used in [3, 5, 6]. Furthermore, in
[6] a complete study for two variable orthogonal designs in order 36 was given, and in [3] a
complete study for three and four variable orthogonal designs in order 36 was also presented.

Throughought this paper we will use the definition and notation of Koukouvinos, Mitrouli,
Seberry and Karabelas [5].

A pair of matrices A, B is said to be amicable (anti-amicable) if ABT — BAT =0 (ABT +
BAT = 0). Following [4] a set {A1, As, ..., Ag,} of square real matrices is said to be amicable
if

n

Z (AU(2Z'—1)AZ(21‘) - Aa(Qi)AZ(gi,l)) =0 (4)

i=1



for some permutation o of the set {1,2,...,2n}. For simplicity, we will always take o (i) =1
unless otherwise specified. So

i(Agi,lA — AgAf_,) =0, (5)
i=1

Clearly a set of mutually amicable matrices is amicable, but the converse is not true in
general. Throughout this paper Ry denotes the back diagonal identity matrix of order k.

Let {A4;}8_; be an amicable set of circulant matrices of order ¢, satisfying the additive
property for (si,s9,...,s;). Then the Kharaghani array

Ay Ay A4R, AR, AgR, AsR, AR, AR,

— Ay A AsR, —A4R, AsR, —AgR, AR, —AsR,

~A4R,, —A3R, Ay Ay —-AlR, ATR, AlR, -AlR,

g_ | —AsBn AR, —A Ay ATR, AlR, -AlR, -AlR,

—A¢R, —AsR, AR, -ATR, A Ay —ATR, AfR,

—AsR, A¢R, -ATR, —-AlR, —A Ay ATR, AR,
~AgR, —A:;R, —-AlR, AYR, AIR, -AlR, A Ay

-A7R, AsR, AIR, AlR, -Al'R, —-AlR, -4, Ay

is an OD(8t; 51, 89,. .., Sk).

The Kharaghani array which uses amicable sets of eight matrices is also very useful in
our constructions for orthogonal designs.

The following lemma applies a lemma given in Georgiou, Koukouvinos, Mitrouli and
Seberry [3] to determine the number of possible tuples to be searched determining the size
of search space for orthogonal designs in order 72.

Lemma 1 Let n = 4m = 72 be the order of an orthogonal design then the number of cases
which must be studied to determine whether all orthogonal designs exist is

(i) tn? = 1296 when 2—tuples are considered;
(it) 2 (2n? + 3n — 6) = 10578 when 3-tuples are considered;
(iii) 55 (n* 4 6n3 — 2n* — 24n) = 50523 when 4—tuples are considered.

2 New full orthogonal designs from smaller orders

Theorem 2 There are OD(72; 51, s1,36—s1,36—s1) constructed using the full OD(36; s1, 36—
s1) given in [3, Theorem8] for:

(1,1,35,35) (6,6,30,30)  (11,11,25,25)  (15,15,21,21)
(2,2,34,34) (7,7,29,29)  (12,12,24,24) (16,16, 20, 20)
(3,3,33,33) (8,8,28,28)  (13,13,23,23)  (17,17,19,19)
(4,4,32,32) (9,9,27,27)  (14,14,22,22)  (18,18,18,18)
(5,5,31,31)  (10,10,26,26)

Proof. We use the amicable orthogonal designs of type AOD(2;(1,1),(1,1)) in order two
with the two variable designs in order 36 to obtain the desired designs in order 72. a



Theorem 3 There are full OD(72;5s1,89,83,72 — 81 — 89 — 83) constructed using the full
OD(36; s1, 82,36 — s1 — s3) and OD(36; s1, s2, 83,36 — s1 — So — s3) designs in order 36 for
the 4-tuples given in Table 1.

Theorem 4 There are OD(72;s1, 81,289,283, 72 — 251 — 289 — 283) constructed using the
Multiplication Theorem [2, Lemma 4.11] with the full OD(36;s1, s2, 53,36 — s1 — So — $3)
given in [3, Theorem?2] for the values given in Table 2.

Theorem 5 There are OD(72;51, -+ 5,,72 — X1 s;) constructed using OD(24;t;,12,13, 14,
ts, te, t7,24 — N7_11;) as follows;

1, 2, 9,10,50 2,10, 15,45 3, 6, 6,27,30 4, 8,20, 40
1, 5, 6, 10,50 2, 9,27,34 3, 6,15,18, 30 4,20,24, 24
2, 2, 8,10,50 2,17,53 3, 6,18,18,27 5, 6, 6,55
2, 7,63 3, 6, 6, 9,48 3,15,18,18, 18 8,12, 12, 40

Proof. We use circulant and back circulant matrices to replace the variables in orthogonal
designs of order 24 in the cases of table 3. If the matrix is symmetric such as that with first
row ¢ b b; we use the circulant matrix. However if the matrix would not be symmetric such
as that with first row a b-b we use the back circulant matrix to replace the variables in the
orthogonal design.

Table 5 gives the results for (4,8, 20,40), (4,20,24,24) and (8,12,12,40) using the sym-
metric matrix C = W (6,5) and the identity matrix I with the variables z, y, z and w to
replace the variables of an orthogonal design of order 12. O

In table 6 we present the new amicable sets of eight matrices which can be used in the
Kharaghani array to construct some new full orthogonal designs in order 72.

We use the results of the theorem 5 to form Table 8.

3 Full designs with even parameters

We note that Seberry [7] showed that if all OD(n; z, y, n—x—y) exist then all O.D(2n; z, w, 2n—
z —w) exist for s > 0 an integer. In particular if all OD(2!p; 7, y, 2!p — = — y) exist, for some
odd integer p, then all OD (2" 5p; z,w, 2"75p — 2z — w) exist for s > 0 an integer we observe

Lemma 2 If all OD(2'p; 2z, 2y, 2'p—21—2y) exist, for some odd integer p, then all OD (25 p;
2z, 2w, 2" 5p — 22 — 2w) exist for s > 0 an integer.

Corollary 2 If OD(72;12,22,38), OD(72;14,20,38) and OD(72;14,28,30) exist then all
OD(2°%39; 22, 2w, 25139 — 22 — 2w) exist for s > 0 an integer.

Proof. A search of full OD(72;z,y,72 — x — y) show only the parameters indicated are as
yet unsolved. O
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Table 1: Full 4-variable OD(72; s1, 89, 83,72 — s1 — s3 — $3) constructed from full three and

four variable designs in order 36



(1,1,2,4, 64) (2,2, 16, 26, 26) (3,3,6,6,54) (6,6,6,6,48)
(1,1,2,18,50) (2,2,17,17, 34) (3.3,6,12,48) (6,6, 6,18, 36)
(1,1,2, 34, 34) (2,2, 18,25,25) (3,3, 6.30,30) (6,6, 6,27, 27)
(1,1,4,12, 54) (2,3,3,16,48) (3,3,12,18, 36) (6,6,12,24,24)
(1,1,4,22,44) (2,4,6,6,54) (4,4,16,16,32) (6.,6,15,15,30)
(1,1,6,16,48) (2,4,11,11,44) (4,6,6,6,50) (6,9,9,12,36)
(1,1,10, 10, 50) (2,4,12,27,27) (4,6,6,24,32) (6,12,18,18,18)
(1,1,16,18,36) (2,4,22,22,22) (4,6,12,25,25) (8,8,8,16,32)
(2,2,2,2,64) (2,5, 5,10, 50) (4,8,8,16,36) (8,8, 10, 10, 36)
(2,2,2,12, 54) (2,6,8,8,48) (4,8,8.26,26) (8,8, 16, 20, 20)
(2,2,2,22,44) (2,6,16,24,24)  (4,12,12,12,32) (8,16, 16,16, 16)
(2,2,4,32,32) (2,8,8,18,36)  (4,12,16,16,24) (9,9,18,18,18)
(2,2,6,12,50) (2,9,9,16,36)  (4,13,13,16,26) (10,10, 13,13,26)
(2,2,9,9,50)  (2,10,10,25,25)  (4,16,16,18,18)  (10,10,16,16,20)
(2,2,12,24,32)  (2,16,18,18,18) (5,5,10,16,36) (10,10, 16,18, 18)
(2,2,16,16, 36) (3.3,4,12,50) (5,5,10,26,26)  (12,12,12,12,24)
Table 2: Full 5-variable designs in 72 from full 4-variable designs in 36
Design in 24 Order 3 Circulant Matrices Used Design in 72
1,1,1,1,5,5,10 a b-b;-c b b; ¢ b b;-bbb; edd;-edd;-ddd; 1, 2, 9,10,50
1,1,1,1,5,5,10 a b-b;-c b b;-b c c;-c c c; ed d;-e d d;-d d d; 1, 5, 6,10,50
1,1,1,1,5,5,10 abb;-abb; c b-b; c b-b; e d d;-e d d;-d d d; 2, 2, 8,10,50
1,1,1,1,5,5,10 a bb;-abb;-bbb;-bbb; ddd; e d-d; e d-d; 2,10, 15,45
1,1,1,1,5,5,10 abb;-abb; c b-b; c b-b; b b b; ¢ b-b;-b b b; 2, 7,63
1,1,1,1,5,5,10 a bb;-abb; c b-b; c b-b; b b b; c b-b; c b-b; 2,17,53
1,1,1,1,3,9,8 b aaj-baa; aaa; aaa; ddd; e d-d;-a a a; 2, 9,27,34
3,3,3,3,3,3,6 a b-b;-c b b; c b b;-bbb; dee; d-e-e;-e e e; 3, 6, 6,27,30
3,3,3,3,3,3,6 a b-b;-c b b; bcc;-ccc; dee; d-e-e;-e e e; 3, 6,15,18,30
3,3,3,3,3,3,3,3 | a b-b;-c b b; c bb;-bbb; dee; e-d-d;-e e e;-d d d; 3, 6,18,18,27
3,3,3,3,3,3,3,3 | a b-b;—c b b; b-c-c;-c c c; d e e; e-d-d;-e e e;-d d d; 3,15,18,18,18
1,1,1,1,5,5,10 a b b; b-a-aj-a a a;-b b b; e d-d; d d d;-d d d; 5, 6, 6,55
3,3,3,3,3,3,3,3 | abb;-abb; cbb;-cbb; db b; d-b b; d-b b;-b b b; 3, 6, 6, 9,48

Table 3: Full orthogonal designs in order 72 constructed from full designs in order 24

(1,2,9,60) (2,2,18, 50) (3,6,27, 36) (5,6,10,51) (6,9, 27, 30)
(1,2,10,59) (2,8,10,52) (3,6, 30, 33) (5,6,11,50) (6,12, 24, 30)
(1,2,19,50) (2,8,12,50) (3,9,10, 50) (5,7,10,50) (6,15,18, 33)

(1,5,6,60) (2,9,10,51) (3,9,12, 48) (6, 6,6, 54) (6,15, 21, 30)
(1,5,10,56) (2,9,11, 50) (3,12, 27, 30) (6,6,9,51) (6,18, 18, 30)
(1,5,16,50) (2,9,27, 34) (3, 15,18, 36) (6,6,10,50) (6,18, 21, 27)
(1,6,10,55) (2, 10,10, 50) (3,15, 24, 30) (6,6,12,48) (6,18, 24, 24)
(1,6,15,50) (2,10,15, 45) (3, 18,18, 33) (6, 6,18, 42) (9,15, 18, 30)
(1,9,10,52) (3,6,6,57) (3,18, 21, 30) (6,6, 24, 36) (9,18, 18, 27)
(1,9,12,50) (3,6,9,54) (3,18, 24, 27) (6,6, 27, 33) (12,18, 18, 24)

(1,10, 11, 50) (3, 6,15, 48) (4,8,10, 50) (6, 6,30, 30) (15,18, 18,21)

(2,2,8,60) (3,6,18,45) (5,6,6,55) (6,9,9,48) (18,18, 18,18)

(2,2,10, 58)

Table 4: Full 4-variable OD(72;s1, 89,83, 72 — s1 — So — s3) constructed from full designs
presented in table 3



Design in 12 | Order 6 Matrices Used Design in 72
2,2,4,4 Il +yC, zI —yC, zI +wC, zI —wC, | 4, 8,20,40
2,2,4,4 I +yC, oI —yC, zI + wC, wl —2C, | 4,20,24,24
2,2,4,4 Il +yC, yl —xC, zI +wC, zI —wC, | §8,12,12,40

Table 5: Full orthogonal designs in order 72 constructed from full designs in order 12

Ay Ay
Type A3 A4 ZERO
As Ag
Az Ag
(1,2,33,36) (a,b,b,b,b,b,b,b,b) (e,e,€,€,€,¢e,e,é,e) | NPAF
(a7 b757 57 575757 b75) (67676767676767676) n =
(€,e,8,¢28¢¢e¢ | (bbbbbbbbb)
(67 676767676767676) (b7 57 b7 b7 675757 b7 l_))
(1,9,26,36) (a,b,a,b,b,b,b,b,b) (e,e,e,e e, e, € €€ | NPAF
(67 67676767 é’ 67 67 e) (b757 b7 b7 57 _7a7a7 a) n = 9
(67 67 67 éieieiéié7é) (b7 a7b7 C_l, aii)) b7 b7 b)
(e,e,e, e e, €, ¢e,¢€) (b,b,b,b,c,b,b,b,b)
(2727272716716716716) (a7c7 07076_7d7 d7 d7 d) (e7g7gigigi_h7 h7h7 h) NPAF
(f7h7h7h7h7§7g7g7g) (b7d7d7d7d76767c76) n =
(a;E,E,E;C,C{,d,d,CZ) (e7g g7_7g7il7’_l7h7ﬁ)
(f,h,h,h,h,9,9,9,9) | (b,d,d,d,d,c,c,é,c)
(3.3,6,6,27.27) (a,a,6,d,d,d,d,d,d) | (e, h, B,k I, b, h) | PAF
(a7 Cz) cid_i _7 d7 d7 d_7 _) (675797 B’ ’_,L)h7 hii,/’ B) n =
(a,a,d,d,d,d,d,d,d) | (e,e, g, h,h h h hh)
(e,g,h,h,h,h,h,h,h) | (a,c,d,d,d,d,d,d,d)
(3737373730730) (0767 Eia7 E’ b7 E) E’ C) (g)g)g)g) e7g7g7§7g) PA'F
(076767671776707676) (g7§7g7e7g7f7g7§7g) n =
(c,c,c,é,a,g,c,é,c) (gagag:e:gjfagag:g)
(C,E,c,a,c,b,é,é,é) (gagag:g:f:gagagag)
3,3.15,51) (d,d,d,a,b,b,d,d,d) | (d,d,d,b,d,b,d,d,d) | PAF
(d7 d_7 d7 a7 b7 57 d_7 d_7 d_) (d7 Cz’ d_7 57 67 l_)i d7 d7 d_) n =
(d,d,d,b,a,b,d,d,d) | (d,d,d,d,b,c,d,d,d)
(d,d,d,b,b,b,d,d,d) (d,d,d,d,b,¢,d,d,d)
(6767676712712712712) (07 d7 aic7 d7 b767 d7 a) (g7h7 6797 h)f’é’ h7e) NPA’F
(¢,d,a,é,d,a,c,d,a) | (g,h,e,g,h,e,g,h,e) | n=9
(c,d,b,c,d,a,c d,b) | (g,h,f,g,h,€q,h,f)
(c,d,b,c,d,b,c,d,b) | (g,h,f,9,h, f,g,h,f)
(9797979718718) (a7 a7a7 C_l, b7 b7 b7 b7c) (67 67 67 é7g7§7g7§7f) NPA’F
(9,9,9,7,€,¢e,€ €, €) (¢,c ¢, a,a,a,a,a) | n=
(f.f. f. f.e.eeee) | (bbbb,a,a,a,a,a)
(a7a7aia767670767b) (e7e7e7éif7f7f7fig)
Table 6: New full orthogonal designs in order 72 constructed from new amicable sets of eight

matrices



(1,2, 33,36) (2, 16,16, 38) (3,6,9,54) (6,6,12, 48) (8,16, 16, 32)
(1,9, 26, 36) (2, 16,18, 36) (3,6,27,36) (6,6,18,42) (9,9,9,45)

(2,2,2,66) (2, 16,20, 34) (3,6,30,33) (6,6, 24, 36) (9,9,18, 36)

(2,2,4,64) (2,16, 22, 32) (3,9,27,33) (6,6, 27, 33) (9,9, 27,27)
(2,2,16,52) (2,18, 18, 34) (3,9,30,30) (6, 6,30, 30) (9,18,18,27)
(2,2,18, 50) (2,18, 20, 32) (3,12,27,30) (6,9,27, 30) (12,12, 12, 36)
(2,2,20, 48) (3,3,3,63) (3,15,27,27) (6,12, 12, 42) (12,12, 18, 30)
(2,2, 32, 36) (3,3,6,60) (4,4, 16, 48) (6,12,18, 36) (12,12, 24, 24)
(2,2, 34, 34) (3,3,12, 54) (4,4,32,32) (6,12, 24, 30) (12,18, 18, 24)
(2,4,16, 50) (3,3,15,51) (4,16, 16, 36) (6,12,27,27) (16, 16, 16, 24)
(2,4, 18, 48) (3,3,27,39) (4,16, 18, 34) (6,16, 16, 34) (16,16, 18, 22)
(2,4,32,34) (3,3,30, 36) (4,16, 20, 32) (6,16, 18, 32) (16,16, 20, 20)
(2,6,16,48) (3,3,33,33) (4,18,18,32) (6,18, 18, 30) (16,18, 18, 20)
(2,6,32,32) (3,6,6,57) (6,6,6,54) (6,18, 24, 24) (18,18, 18, 18)

Table 7: Full 4-variable OD(72;s1, 89, 83,72 — 81 — So — 83) constructed from full designs

presented in table 6

S1, 82,83 S1, 82,83 S1, 82,83 S1, 52,853 51,582,853 S1, 82,83

1,8,63 5,14, 53 7,24, 41 9,19, 44 12,22, 38 17,24, 31
1,14,57 5,18,49 7,25, 40 9,20, 43 13,14,45 17,25, 30
1,24,47 5, 20,47 7,26, 39 9,22, 41 13,19,40 17,27,28
1,25,46 5,24, 43 7,27,38 9,23, 40 13,21,38 18,23, 31
1,30,41 5, 25,42 7,28,37 9,24, 39 13,22,37 19, 20, 33
1,31,40 5,27,40 7,30,35 9,31, 32 13, 24,35 19,21, 32
1,32,39 5,28, 39 7,31,34 10,19, 43 13,25,34 19,22, 31
2,23, 47 5,29, 38 7,32,33 10,29, 33 13,27, 32 19, 23, 30

3,8,61 5,30, 37 8,9,85 11,12,49 14,15,43 19,24,29
3,11, 58 5,32,35 8,11,53 11,14, 47 14,17, 41 19, 25, 28
3,13, 56 5,33, 34 8,13, 51 11,18,43 14,19, 39 19, 26, 27
3, 14,55 6,7,59 8, 15,49 11,19, 42 14,20, 38 20,21, 31
3,17, 52 6,13, 53 8,17, 47 11,21, 40 14, 25,33 21, 22,29
3, 26,43 6,19, 47 8,19,45 11,22, 39 14, 28, 30 23,24, 25
3,28,41 7,8,57 8,21,43 11,23, 38 15,17,40
3,29, 40 7,9, 56 8,23,41 11,24,37 15,19, 38
3,31,38 7,13,52 8,25,39 11,26, 35 15,23,34
3,32,37 7,14,51 8,27,37 11,28, 33 15, 25,32

4,5,63 7,18, 47 8,29, 35 11,29, 32 15, 28,29
4,19, 49 7,20, 45 8,31,33 12,13,47 17,20, 35

5,8,59 7,21,44 9, 14,49 12,17,43 17,22,33

5,9, 58 7,22,43 9,17,46 12,19, 41 17,23,32

Table 8: The existence of these 124 full OD(72; s1, 89,72 — s1 — 89) is not yet established.
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Summary

We have found new designs in order 72 and shown that of 2700 possible OD(72; s1, s9, $3, 72—
s1 — 89 — 83) 335 are known: of 432 possible OD(72; s1, 89,72 — 81 — s9) 308 are known; and
all possible OD(72;s1,72 — s1) are known.
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