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Abstract

Orthogonal designs and their special cases such as weighing ma-
trices and Hadamard matrices have many applications in combina-
torics, statistics, and coding theory as well as in signal processing.
In this paper we generalize the definition of orthogonal designs, we
give many constructions for these designs and we prove some mul-
tiplication theorems that, most of them, can also be applied in the
special case of orthogonal designs. Some necessary conditions for the
existence of generalized orthogonal designs are also given.
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1 Introduction

In this section we give some basic known facts and definitions on orthogonal
designs that are necessary for our approach in generalized orthogonal de-
signs. Then we present the generalized orthogonal designs and some other
definitions we shall need.



An orthogonal design of order n and type (s1,82,...,84) (8; > 0), de-
noted OD(n; s1,S2, ...,84), on the commuting variables 1, zs,...,z, is

an n x n matrix A with entries from {0, £z, o, ...
+xz,} such that

)

AAT = (Z six3) I,
i=1

Alternatively, the rows of A are formally orthogonal and each row has
precisely s; entries of the type +x;. In [1], where this was first defined, it
was mentioned that

ATA= (> sie))I,
i=1

and so our alternative description of A applies equally well to the columns
of A. It was also shown in [1] that u < p(n), where p(n) (Radon’s function)
is defined by p(n) = 8¢ + 2, when n = 2%, bodd, a = 4c+d, 0 < d < 4
see [3]. An orthogonal design is said to be full iff it contains no zeros.

Example 1.1 The following matriz D = OD(4;1,1,1,1) is an orthogonal
design of order 4 and type (1,1,1,1).

a b c d

D=0D@1,1,1,1)=| ° Z d —c
—C — a

—d c =b a

A weighing matrix W = W (n, k) is a square matrix with entries 0, +1
having k non-zero entries per row and column and inner product of distinct
rows zero. Hence W satisfies WW'T = kI, and W is equivalent to an
orthogonal design OD(n;k). The number k is called the weight of W.
If k = n, that is, all the entries of W are £1 and WW7T = nl,, then
W is called an Hadamard matrix of order n. In this case n = 1,2 or
n = 0(mod 4).

A set of matrices U§:1 {Bj}, is said to be disjoint if B; * B; = 0 for all
i#74, 1,7 =1,2,...,f where x denotes the Hadamard product.

Let A= {A;: A; = {aj1,aj2,...,a;n}, j =1,...,L}, be a set of £ se-
quences of length n. These sequences is said to be a set of disjoint sequences
if the set of the corresponding circulant matrices B; = U;{circ(4;)},
j=1,...,¢ is disjoint.



The non-periodic autocorrelation function N 4(s) (abbreviated as NPAF)
of the above sequences is defined as

{ n—s

NA(S) :ZZaﬂaj7i+s, s:O,l,...,n—l. (1)

j=11i=1

If Aj(z) = aj1 +ajoz+ ...+ ajz""" is the associated polynomial of the
sequence Aj;, then

¢ n..n { n—1
A(z)A(z7") = Z Z Z ajiajpz ™" = N4(0) + Z Z Na(s)(2®° +27%).
j=1i=1 k=1 J=1 s=1

(2)
Given Ay, as above, of length n the periodic autocorrelation function Pa(s)
(abbreviated as PAF) is defined, reducing ¢ + s modulo n, as

£ n
PA(S) :ZZajiaj,H_s, 820,1,...,’!7,—1. (3)
j=1i=1

For the results of this paper generally zero PAF is sufficient. However
zero NPAF sequences imply zero PAF sequences exist, the zero NPAF se-
quence being padded at the end with sufficient zeros to make longer lengths.
Hence zero NPAF can give more general results.

Four (0,+1) disjoint sequences T4, T, T3, Ty of length ¢ are called T-
sequences if they have NPAF=0. Four (0,+£1) disjoint circulant matrices
Ty, T», T3, Ty of order t are called T-matrices if they satisfy 1T + ToT +
T + Ty T = t,.

Two (1,—1) sequences of length n are called Golay sequences iff they
have NPAF=0. For the undefined terms we refer to [2].

The following theorem which uses four circulant matrices is very useful in
the construction of orthogonal designs.

Theorem 1.2 [2, Theorem 4.49] Suppose there exist four circulant matri-
ces A, B, C, D of order n satisfying

AAT + BBT + ¢C” + DDT = fI,
Let R be the back diagonal matriz. Then

A BR CR DR
—-BR A DTR -CTR
—-CR -DTR A BTR
-DR CTR -BTR A

G =



is a W(4n, f) when A, B, C, D are (0,1, —1) matrices, and an orthogonal
design

OD(4n; s1,82,...,8y) ON T1,Ta,...,x, when A, B, C, D have entries from
{0,£z1,..., 22y} and f = 2;21(‘9]37?) O

Corollary 1.3 If there are four sequences E, F, G, H of lengthn with
entries from {0, a1, tx9, a3, £x4} with zero periodic or non-periodic au-
tocorrelation function, then these sequences can be used as the first rows of
circulant matrices (we write A = circ(E), B = circ(F), C = circ(G)
and D = circ(H)) which can be used in the Goethals-Seidel array to form
an OD(4n;s1, 89, 83,54). We note that if there are sequences of length n
with zero mon-periodic autocorrelation function, then there are sequences of
length n +m for all m > 0. |

Orthogonal designs can exist under some necessary conditions. When
these conditions are not satisfied the orthogonal design cannot exist. For
example a full orthogonal design of order n cannot exist if n Z 0( mod 4)
and n > 2 or n odd. Thus we were naturally led to the next generalization.

2 Generalized orthogonal designs

Definition 1 Let D be a matrix on the commuting variables x1, z2, ..., 2

where each variable can appear (in each column or row) in the form +a;;x;,
t

t=1,2,...;tand j = 1,2,...,u; and E u; = n, where ug is the number
i=0
Ui
of zeros in each row or column. Set s; = E a3;. Then D is a generalized

=1

orthogonal design (in short GOD) iff

D will be denoted as
D =GOD(n;a1,1,01,2, -, Q1 41302,1,02.2, -+, Q2 yn} - - - 3AL 1 QL2 - - -5 Cpyy )-

Alternate notation of a generalized orthogonal design will be
D = GOD(TL, < km,al,l >, < kl,ul,alul > 5000 < km,at,l >,



< kt,u,,atu, >) where k; ; denotes how many times the variable z; has
the coefficient a; ;. If k;; = 1 we write (...,a;,...) otherwise we write
(...,< k‘@j,dm‘ >,...).

Remark 2.1 If a;; =1forall i =1,2,...,t and j = 1,2,...,u; then the
generalized orthogonal design GOD(n;a11,a12, -y 1y -« 081, g2, - - -
ay, ) is an orthogonal design OD(n; w1, us, . - ., ug). Thus orthogonal designs
are a special case of the generalized orthogonal designs we have defined
above.

Example 2.2 1. Let D = GOD(4;1,1;1;1). We have that n =4, uy =
2,U2 = ].,Ug =1 and 11 = Q12 = A1 = A31 = 1. Thus

a b a c
D =GOD(4;1,1;1;1) = :2 _Z ;_Z = 0D(4;2,1,1)

—c a —-b a
is an orthogonal design of order 4 and type (2,1,1).

2. As we mention above full orthogonal designs of odd order cannot exist
but this is not forbidden for full (with no zeros) generalized orthogonal
designs. The next matrix is a generalized orthogonal design of one
variable. In this case n =3,t =1, u; = 3, a11 = 2, a2 = 2, a;3 = 1.

Thus
26 2b —b
D=| -b 2b 2b
26 —b 2b

3
is a circulant GOD(4;2,2,1) and DDT = | 8* a3, | I, = 90?1,
j=1
——
s1
Some necessary conditions for the existence of a generalized orthogonal
designs are given in the next theorem.

Theorem 2.3 Let D be a generalized orthogonal design of order n and type
(@1,1,Q1,2, Q1 ug5- -5 Q01,0025 --.,00u,) ON the set of commuting vari-
ables {x1,x2,...,2¢}, where each variable can appear in the form ta;;x;, i =
1,2,....0 and j =1,2,...,u;. Then £ < p(n).



Proof. We write D in the form D = Diz; + ... + Dyxy where D; are
u;

real or integer matrices of order n. Set s; = Za%j. Using the fact that
i=1

¢

DDT = (Zsmf) I, we have that D;D} = s;I,,, i =1,2,...,¢, and
i=1

DiDjT + D;D} = 0 for all i # j. If we replace integer matrices D; by

o

satisfying B;B] + B;B] =0 for all i # j, and Radon [3] had shown that
there are no more than p(n) such real matrices. This completes the proof.
0

the matrices B; = (L) D;, then B; are real and orthogonal matrices

Thus, generalized orthogonal designs (because of their orthogonality)
cannot have more variables than the upper bound that Radon’s function
gives.

3 Some Construction Theorems

The theorem of this section gives us many general construction methods
for generalized orthogonal designs. Some of them are a straight forward
generalization of the theorems given in [1] for orthogonal designs and some
other can only be applied in generalized orthogonal designs.

We use one, two or four suitable circulant matrices to construct circulant
generalized orthogonal designs and block circulant generalized orthogonal
designs.

Theorem 3.1 (The two circulant construction) Let Ay, As be two cir-
culant matrices of order n with entries of the form *a;jz;, ¢ = 1,2 and
j=1,2,... u;. where x1,x2 are commuting variables, satisfying

A AT 4 A, AT = £1.
2
If f is the quadratic form Zszxf, there exist ui,us > 1 and a;;, @ =
=t
1,2, j=1,...,u; such that s; = Za?j then there is a generalized orthog-
j=1
onal design

GOD(2n;a11, 12, ..., Q1u, 3021, 22, - -« 5 G2yy)-



Moreover if uy = us = 1 and a1 = as; = 1 then there exist an orthogonal
design (special case) OD(2n;sy,s2). If f is an integer then there exists a
W, ).

Proof. We use the matrices as follows

_ A1 A _ Ay AR
D_<—A2T Af) o D_<—A2R A )

O
Corollary 3.2 If there are two sequences E, F, of lengthm with zero
periodic or non-periodic autocorrelation function, then these sequences can

be used as the first rows of circulant matrices (we write Ay = circ(E) and
As = circ(F)) which can be used in the above arrays to form a

GOD(2n;a11, 12, ..., Q1y, 3021, 22, - -« 5 Q2yy)-

We note that if there are sequences of length n with zero non-periodic auto-
correlation function, then there are sequences of length n+m for all m > 0.
O

Example 3.3 Using the sequences A and B as are given below in Corollary
3.2 we give some examples of full

GOD(2n;a11, 019, .., Q14,3091,022, « -« 5 A245)
1. A={a,—a,—b} B ={2a,3a,—a} givesa GOD(6;1,1,1,2,3;1).

9. A={a,3b,b} B=1{-b,3b,—2a} givesa GOD(6:1,2;1,1,3,3).

3. A={a,—2a,-2a} B ={b,—2b,—2b} gives a GOD(6;1,2,2;1,2,2).
4. A ={a,-2a,—-3b} B = {a,2a,—b} gives a GOD(6;1,1,2,2;1,3).

5. A ={a,4b,—a} B = {3a,—a,2a} gives a GOD(6;1,1,1,2,3;4).

6. A={a,a,a,a,a} B={-3a,—4a,a,—a,3a} givesa GOD(10;1,1,1,
1,1,1,1,3,3,4).

Theorem 3.4 Suppose there exist four circulant matrices A, B, C, D of
order n with entries from the set of commuting variables {x1,xo, T, T4},



where each variable can appear to the form *a;;x;, i =1,2,3,4 and j =
1,2,...,u;, satisfying

AAT + BBT + ¢Cc” + DDT = fI,
Let R be the back diagonal matrixz and set
A BR CR DR
—BR A DTR -CTR

—-CR -DTR A BTR
—-DR CTR -BTR A

G =

2
Now if f is the quadratic form Zsix?, there exist uy,us,u3,uqs > 1 and

i=1

u;
aij, 1=1,2,3,4, j=1,...,u; such that s; = Za?j then there exist a
j=1
generalized orthogonal design GOD(4n; a1, @12, - - -, Gy, 021, 322, - - - A2yy )
a31, 032, - -« A3053041, Q425 - - - , Ay, ). Moreover if uy = us = ug = ug = 1
and a1y = a21 = az; = aq; = 1 then there exist an orthogonal design (spe-
cial case) OD(4n; sy, 89, 83,54). If f is an integer there exists a W (4n, f). O

Proof. Observe that GGT = fI4,. a

Corollary 3.5 If there are four sequences E, F, G, H of length
n  with zero periodic or non-periodic autocorrelation function, then these
sequences can be used as the first rows of circulant matrices (we write A =
circ(E), B = cire(F), C = circ(G) and D = circ(H)) which can be used
in the Goethals-Seidel array to form an GOD(4n; a11,a12,. .., Q1y,;021, A22,
ey 020030315 A32, -+« Q353041 A42, - - ., Aay, ). We note that if there are se-
quences of length n with zero non-periodic autocorrelation function, then

there are sequences of length n + m for all m > 0. a

Example 3.6 Using Corollary 3.5 we give some examples of full
GOD(4n;a11,012, -« -, Q1 - - - 041, 022, « - - 5 Qg )

1. Sequences E = {a,b}, F = {a,b}, G = {a,b}, and H = {a, —3b} have
zero NPAF and thus givesa GOD(4(2+s); < 4,1 >;< 3,1 >,3), s =
0,1,....



2. Sequences A = {a1,1a,a2,1b}, F = {as1c,a4,1d}, G = {as1a,—ay,1b},
and H = {a4,1¢,—as 1d} gives a GOD(4(2 + s);a11,a21; 611, G21; G31,
asi;asi,as1), s =0,1,.. ..

Theorem 3.7 Let X1, X5, X3, X4 be four disjoint sequences of length t
with PAF=0 (or NPAF=0) and a,b,c,d are commuting variables. Then

X = aX1 +bX2+CX3+dX4 Y = —bX1+aX2+dX3 —CX4
Z = —CX1 —dX2+aX3+bX4 W = —dX1 +cX2—bX3+aX4
4 U;
have elements from the set {O}U U{ia:i,ja, +a; b, +x; ¢, £z, ;d} and
i=1j=1

can be used for the construction of a generalized orthogonal design

GOD(4t; 9:9;9:9)

and g = T11,. s Tlu > T2,05 05 T2u9, T3,05 o T3ugy Td 1y -+, Td,u, where
zij, 1 =1,2,3,4, j = 1,2,...,u; are the non zero elements of sequences
X;, 1=1,2,3,4.

Y Y

Proof. Set A = cire(X), B = cire(Y), C = cire(Z), D = circ(W) and
s;=» 7, foralli=1,2,3,4. Then we have

j=1

4
AA" + BB +CC" + DD" = (D s,

i=1

and thus we can use theorem 3.4 to construct the desirable generalized
orthogonal design.

Example 3.8 Let T7 = {171’1,0,0}, T = {0,272’2,0}, 15 = {0,0,.’13373},
Ty = {0,0,0}. This are four disjoint sequences of length ¢ = 3 and can be
used in theorem 3.7 to obtain a

GOD(12;21,1,%2,2, 3,3, 1,1, 2,2, %3,3; 1,1, %2,2,L3,3)-

These sequences have NPAF=0. Thus (by adding p zeros at the end of each
of them) we obtain a

GOD(4(3 +p); ®1,1, %22, 73,3, T1,1, T2,2, T3,3; T1,1, T2,2, T3,3).



Corollary 3.9 Let X, Xo, X3, Xy be T-sequences of length t (or the first
rows of T-matrices of ordert) and a,b, c,d are commuting variables. Then
if b1, ba, b3, by are real numbers then

X = biaXy 4+ babXs 4+ b3e X3 + byd Xy

Y = —beX1 + blan + b3dX3 — b3CX4
7 = —b3CX1 — b3dX2 + b1GX3 + beX4
W = —b3dX1 + b3CX2 - b2bX3 + blaX4

have elements from the set {tbia, £bsb, £bsc, £bsd} and can be used for
the construction of a generalized orthogonal design

GOD(4t; < t,by >; < t,by >; < t,bg >; < t,by >)

Proof. Set A = circ¢(X), B = cire(X), C = cire(X), D = cire(X). Then
we have

AAT + BB + C¢CT + DD" = (nbla® + nbib® + nbic® 4+ nbid*)I,

and thus we can use theorem 3.4 to construct the desirable generalized
orthogonal design.

Example 3.10 Using T-sequences of length 3 :
X, ={1,0, 0}, Xo=4{0,1,0}, X3={0,0, 1} X4 ={0, 0, 0}
we obtain the sequences
X ={a,2b,3c}, Y ={-2b,a,5d}, Z = {-3¢c,-5d,a}, W = {-5d, 3c, —2b}

which, for all s = 0,1, ... (we just add s zeros at the end of each sequence),
can be used to construct the corresponding circulant matrices and therefore
the desirable generalized orthogonal design

GOD(4(3+s);< 3,1 >;<3,2>:<3,3>;<3,5>).

We give the full matrix of the GOD(12;< 3,1 >;< 3,2 >;< 3,3 >;<
3,5 >) we can construct from these sequences.

10



c a 2b a 5d —2b —bd a —3c 3c —2b -—-bd
2b 3c a bd —2b a a —3c —-bd —2b -—bd 3c
2b  —a -5d a 2b 3c 5d 2b -3¢ -3¢ a —bd

—a —bd 2b 3c a 2b 2b -3¢ 5d a —bd -3c
—bd 2b —a 2b 3c a —3c 5d 2b —bd —3c a
3c 5d  —a —bd —2b 3c a 2b 3c 2b  —bd a
5d —a 3c —2b 3c —bd 3c a 2b —bd —a —2b

5d -3¢ 2b 3¢ —a 5d —2b 5d a a 2b 3c
L—3c 2b 5d —a 5d 3¢ 5d a —2b 3c a 2bJ

2b 5d —3c 5d 3c —a a —2b 5d 2b 3¢ a

Example 3.11 Using the T-sequences of length 11

X,={ 11, -1, 1, 0, 1, 0, 0, 0, 0, 0 }
X,={ 0, 0, 0, 0 1, 0 1, 1, =1, -1, 0 }
Xs={ 0, 0, 0,0 0 0 0 0, 0 0 1}
X,={ 0,0, 0, 0 0 0 0 0 0, 0 0}
we get

X ={2a,2a, —2a,2a, 3b, 2a, 3b, 3b, —3b, —3b, 5¢}

Y = {3b,3b, —3b, 3b, —2a, 3b, —2a, —2a, 2a, 2a, —d}

Z = {5¢, 5¢, —5¢,5¢,d, 5¢,d,d, —d, —d, —2a}

W ={d,d,—d,d, —5¢c,d, —5¢, —5¢, 5¢, 5e, 3b}

from which, for all s = 0,1, ... (just add s zeros at the end of each sequence),
we obtain GOD(4(11 + s); < 11,1 >: < 11,2 >; < 11,3 >; < 11,5 >).
Theorem 3.12 Set a1 = ”T_Qal,g. Then there exist a circulant gener-
alized orthogonal design D of one variable and D = GOD(n;a11,< n —
l,a12>)=GOD(n;a1,1,a1,2,...,01,2).

Proof. Set D = circ(—al,lwl,al,gazl, - ,a172£l?1). Then

~~

n—1 times

2
n
DDT =[(al, + (n = D)aj )ai]ln = (Fra7) I

and thus D is the required GOD(n;a11,<n—1,a;2 >).

11



Example 3.13 (i) Let n = 5. j;From the above theorem 3.12 we have
that D = circ(—3a1 121, 2a1 121, 201,121,201 121, 201 121) is a circu-

lant one variable generalized orthogonal design GOD(5;3a1 1, < 4, 2a1,2 >).

(ii) Let n = 6. {From the above theorem 3.12 we have that D = circ(
—2&171.’131,01’1.’131,(11’11171, a171$1,a171$1,a171.’131) is a circulant one vari-
able generalized orthogonal design GOD(6;2a; 1, < 5,a1,1 >).

Theorem 3.14 Let Ty = {c1,¢2,...,¢n} and To = {d1,ds,...,dp} be two
disjoint sequences of length n with zero PAF (NPAF). Then the following
generalized orthogonal design exist:

(Z) GOD(?n;al,a2,...,asl,bl,b2,...,bsg;al,a2,...,asl,bl,b2,...,b32)

where a;,i = 1,2,...,81 and b;,1 = 1,2,...,52 are the non zero ele-
ments of Ty and T respectively.

(1) GOD(4n;ay,...,as,,b1,...,bsy;a1,...,0s,,b1,...,bsy501,...,0as,,b1,
coybsyiar, o as, b1, bsy) where ag, 0= 1,2,..., 81 and by, i =
1,2,...,s2 are the no n zero elements of Ty and T respectively.

Proof.

(i) Use sequences E = x1Ty + 221> and F' = 23Ty — 21T in corollary 3.2
to obtain the result.

(1) Use sequences E = 21Ty + x2To, F = 23T + x4T5, G = xT) — 21715
and H = z4T) — x3T5 in corollary 3.5 to obtain the result.

O

Example 3.15 Let T} = {-2,0,6,0,0} and T» = {0,4,0,3,0}. These are
two disjoint sequences of length n = 5 with zero NPAF. Then using theorem
3.14 we obtain a generalized orthogonal design D of two variables of length
2n =10, D = GOD(10;2,3,4,6;2,3,4,6).

Corollary 3.16 Let A, B be Golay sequences of order n Then there ezist
a GOD(2n;< n,a11 >;< m,a11 > and a GOD(4n; < n,a11 >;< n,a11 >
i<n,ar; >;<n,a1 1 >).

Proof. Set X1 = aj; (A‘"TB) and Xy = ay (A%B) and apply theorem

3.14 to get the designs. |

12



Remark 3.17 We know Golay sequences for all n = 27 - 10° - 26°, where
a,b and ¢ are non negative integer numbers. Then from corollary 3.16 we
obtain a GOD(2n;< n,a1,1 >;< n,a11 >) and a GOD(4n; < n,a11 >; <
n,a1,1 >;<Mm,a1,1 >;<n,a1,1 >) where aq 1 is any real number.

4 Multiplication Methods

In this section we discuss some results on multiplication of generalized or-
thogonal designs. Some theorems for multiplying the length of the design
or/and increasing the number of variables in the design or/and multiplying
some of the variable’s coefficients by a number.

Lemma 4.1 Let D be a

)

GOD(n;a11,a12, ..+, Qlug . Q1 Ge2y - o+ Qtuy )
generalized orthogonal design with variables from the set
t u;
S = {O}U U{:I:ai7jxi}, where x1,Ta, ...,x¢ are commuting variables.

i=1j=1
Then we can construct the following generalized orthogonal design:

i) GOD(n;a11,a12,. .., G1u;5- - -5 Gt + Qj1, G2 + Qja, - . oy Qi + G,
ajul-+1,...,ajuj;...;atl,atQ,...,atut) on t — 1 variables.
i) GOD(n;a11,a12, ..., Qruys @i 1,1, Qi 1,255 Qi Ly y 3 Big1,1,
1,2y v Qi uiyys v ALy @2, - ., Qty, ) 0Nt — 1 variables.
i) GOD(2n;a11,G19, .., Q1uy; -« Qi1 G2,y -« -, Gty,) ON T variables.
i) GOD(2n;a11, 011,012,012, .+, Qluy, Qluys -« - i1, Gily Qg2, G2y ey

Atu, > Qty, ) ON T variables.

v) GOD(2n;a10;A11,012, -+, A1y} -« -5 Qg1 , Q2,5 - - - Gpy,) ON t + 1 vari-
ables.
vi) GOD(2n; a10; 11,012, - - -, Qluy 5 A21, 021,022,022, - - -, A2uy, A2y - - - ;
11, A1, L2, Q12 - - oy Oty s Gty,) 0N T+ 1 variables.
vit) GOD(n;c11,C12, .+ y Clug; .+« 3 Ci1, 1, Co2y -« Cruy ) Where ¢ = biay;

and b; any real numbers on t variables.

Proof. In D we do the following replacement of the variables:

13



i) Set z; = z;.

ii) Set z; = 0.

iii) Replace z; by [ zi 0 },for alli=1,2,...,t.

0 ZT;
iv) Replace z; by [ xl _i’ }, foralli=1,2,...,t.

0

i

To

v) Replace z; by { zl },andaji by [ a:)’ } foralli =2,3,...,t.
0

—x1

vi) Replace z; by { To }, and z; by [ T g } for all ¢ =
—I1 o i T
2,3,...,t.
vii) Replace z; by b;x;, where b; are any real numbers, for alli = 1,2,...,¢.
O

Example 4.2 Let D = GOD(6;1,2;1,1,3,3) be the generalized orthogo-
nal design as it is given in example 3.3. Then using theorem 4.1 we have

i) If we set b = a we obtain the generalized orthogonal design D =
GOD(6;1,1,1,2,3,3).

ii) If we set a = 0 we obtain the generalized orthogonal design D =
GOD(6;1,1,3,3) and if we set b = 0 we obtain the generalized or-
thogonal design D = GOD(6;1,2)

iii) If we replace a and b by [ g 2 } and { 8 2 }, respectively we

obtain the generalized orthogonal designGOD(12;1,2;1,1, 3, 3).

iv) If we replace a and b by { Z “ } and [ llj _bb }, respectively we

obtain the generalized orthogonal design GOD(12;< 2,1 >,< 2,2 >
;<4,1>,<4,3>).

“},andbby[o
—a c b

generalized orthogonal design GOD(12;1,2;1,2;1,1,3,3).

C

v) If we replace a by { 8 } we obtain the
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“},andbby[b
c b

generalized orthogonal design GOD(12;1,2;1,2; < 4,1 >,< 4,3 >).

C

vi) If we replace a by { _bb } we obtain the

vii) If we replace a by ca and b by db, where ¢, d are any real numbers, we
obtain the generalized orthogonal design GOD(6; ¢, 2¢;d, d, 3d, 3d). O

Lemma 4.3 If there exist two circulant matrices which give a GOD(2n; a4 1,

cey Q15 Q2., . ., A2y, ) then there exist two circulant matrices which give
a GOD(2pn;a11,...,01,4,;G2,1,---,02 4,) and a GOD(2pn;ai 1,014, - ..,
10y g3 B2,15,02,1 5« -+ s A2,uy, Q2,05 ) for all integers p > 1.

Proof. Write 0,1 for the sequence of p — 1 zeros. Suppose X =
{z1,29,...,2,} and Y = {y1,y2,...,yn} are the two sequences of length
n with zero PAF that can be used as the first rows of the corresponding

circulant matrices to construct the GOD(n;a1,1,...,01,4,;62,1; -, 02 yy)-
Now by considering the sequences X = {1,0p—1,22,0p_1, ..., 2, 0p—1}
and V' = {y1,0p-1,92,0p_1, -..,Yn,0p_1} of length pn with zero PAF
that can be used to construct the GOD(2n;a;11,...,01,u55 2,15+ -+, 02,u,)-

If we now form another sequence V" by permuting the first row of Y’
by one position (i.e. y; = y;;_l) Then X' and Y are disjoint. Hence
X +Y" and X' —Y" are two sequences of length pn with zero PAF
that can be used to construct the desirable GOD(2pn;ay 1,a1,1,...,01,u,,

A1y 02,1, 02,15 -y 02 gy 02,us)- o

Example 4.4 ;From example 3.3 we have the sequences A = {a,3b,b}, B =
{=b,3b, —2a} which give a GOD(6;1,2,3;1,2,3). Now using lemma 4.3 we
obtain a GOD(6p; 1,2,3;1,2,3) and a GOD(6p;1,1,2,2,3,3;1,1,2,2,3,3)
forall p=2,3,...
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