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Abstract

For every prime power ¢ = 3 (mod 8) we prove the existence of (¢; x, 0, y, y)-
partitions of GF(q) with ¢ = 2% + 2y? for some x,y, which are very useful
for constructing SDS, T-matrices and Hadamard matrices. We discuss the
transformations of (g; x, 0, y, y)-partitions and, by using the partitions, con-
struct generalized cyclotomic classes which have properties similar to those
of classical cyclotomic classes. Thus we provide a new construction for 7T-
matrices of order ¢2.
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1 Introduction

In 1965 L. Baumert and M. Hall, Jr [1] found a construction of Hadamard matrices
of order 12n from known Williamson matrices of order n. Indeed, they gave the
first example of T-matrices of order 3. Many attempts were made to generalize
this array, but none were successful until in 1971 L. R. Welch found a Baumert-
Hall array of order 5. In 1972, Joan Cooper and Jennifer Seberry Wallis [4] gave
the first definition of T'—matrices. R. J. Turyn [11] proposed the notion of 49
codes and Turyn’s sequences, using Golay sequences, he constructed an infinite
class of T-matrices of order 2¢10726% 41 for 4, j, k > 0. Since Turyn’s sequences are
very restrictive and very few are known, Turyn, then J. Seberry, C. H. Yang, C.
Koukouvinos, etc. investigated base sequences instead and found a large number
of existent cases (for details see [10]). In 1984 M. Y. Xia [12] proposed the idea of
C-partitions on an Abelian group, and then an infinite family of C-partitions on
GF(q?) with ¢ prime power = 3 (mod 8) was found [14]. Now the construction of
C-partitions in this paper is more general and yields many new T-matrices and
Hadamard matrices.

Let G be an Abelian group of order v. We denote the group operation by
multiplication. Subsets Dy, ---, D, of G are called r-{v;|D1|,---,|Dr|; A} sup-
plementary difference sets(SDS), if for every nonidentity element g in G, there
are exactly A elements (d,d’) in Dy x Dy, or Dy X D, -+, or D, x D, such that
gd =d.

*The research supported by NSF of China(No. 10071029)



It is convenient to use the group ring Z[G] of the group G over the ring Z
of rational integers with the addition and multiplication. Here the elements of
Z|G] are of the form

a1g1 + asge + -+ avgv,a; € Z,9; € G.

In Z|G] the addition + is given by the rule

O alg)g) + O _blg)g) =D _(alg) + b(g))g.

g g

The multiplication in Z[G] is given by the rule

(X alg)g) (X b)) = Y (z a(g)b(h)) k.
h

g k \gh=k

For any subset A of GG, we define an element

> g€ Z|G),

geA

and by abusing the notation we will denote it by A.
Let A, B C G and t be an integer. We define

BY =% ez[G], AB"YV= Y ab'eZ[G]
beB a€AbEB

and denote
AA = AATY A(A,B) = ABEY 4+ BACD,

If A=), we define
AD =0, A (0, B) = 0.

With this convention Dy, - - -, D, being r-{v; |D1|, - - -, |Dy|; A} SDS are equivalent
to
T T
> AD; = (Z |D;| — A) + AG.
i=1 i=1

If r = 1 the single SDS becomes a difference set(DS) in the usual sense. When
|D1| = - = |D,| =k, we denote r-{v; |D1|,---,|Dy|; A} by r-{v; k; A\}.
In the following we assume p is an odd prime, r > 0, and

q=p" =8m+3=2x+2y° (1)

with x = 1 = y(mod 2).

In this paper we propose the notion of (¢;z,0,y, y)-partition of GF(q) and
prove its existence for some z,y satisfying (1). It provides a very useful method
for constructing SDS, Hadamard matrices and T-matrices. Y. Q. Chen [3] con-
structed a partition of GF(g?). Then [15] generalized it from GF(q?) to GF(q)
with ¢ prime power = 1 (mod 4). Now we extend it to the case ¢ prime power =
3 (mod 8).

The rest of the paper is organized as follows. In section 2, we will partition
the group GF(q) into 8 subsets with certain desirable properties. In section 3,
we use the partition obtained in Section 2 to define the generalized cyclotomic



classes and discuss their properties. In section 4, by using generalized cyclotomic
classes, we will construct 4-{q; (¢ — 1)/2;q(q — 2)}SDS, Hadamard matrices of
order 4¢>. In section 5 we show that there are lots of T-matrices of order 2.

Before we proceed further, we list the notations that will be used throughout
this paper:

q: a power of an odd prime p as in (1);

GF(q): the Galois field with ¢ elements;

GF(g)*: the multiplicative group of GF(q);

S: the set of all nonzero squares of GF(q);

N: the set of all no squares of GF(q);

d: a generator of GF(q)*;

Trq™: the absolute trace from GF(¢") to GF(p);

Trq™/q: the relative trace from GF(¢") to GF(q);

(i,7) : the cyclotomy number.

Recall that the absolute trace Trq" of an element g € GF(¢") is defined as

rn—1

Tig"(9) = Y ¢*' € GF(p).
=0

For the detailed discussion of absolute and relative trace maps of finite fields, we
refer the reader to textbooks such as [6], [7] and [8]. The characters of the group
GF(q") are given by the following (see [9]). Let £ be a fixed primitive pth root
of unity, a, 8 € GF(q"), define a group homomorphism

Xo : GF(¢") — C*,
Ya(B) = €10,

where C* is the multiplicative group of nonzero complex numbers. These group
homomorphisms can be easily extended to ring homomorphisms from Z[GF(q")]
to C. In order to show A = B in Z[GF(q")] by using the Fourier inversion
formula, we need only to verify y,(A4) = xa(B) for every a € GF(q").

2 (¢;x,0,y,y)-Partitions

Let w be a solution of the irreducible polynomial 2 + 1 over GF(q). Then the
set of all elements aw + B, a, 8 € GF(q), is GF(g?). Tt is well known that there
is an element g = aw + 3, «, B € GF(q), such that

GF(®)* ={¢": k=0,1,---,¢* —2}.
Let g be such an element and put
E; = {98(27"“)1“’ :j:0,1,---,4m},i:0,1,~-,16m+7.
It is easy to show that
Ey={8" :k=0,1,---,4m} = 5,

and

Esmia = {5%“ k=0,1,---,4m} = N.

—
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For any 4,1 < i < 16m + 8,4 # 8m + 4, write ¢g' = aw + 3, then a # 0 and
Ei=¢'FEy = {ad®w+ 552 ':O,1,~~,4m}
ad®w +a 1pad?* . j=0,1,--- ,4m}
{(0462’“,04’15(@5%)) L j=0,1, - ,4m} .

(>l

So we can represent E; by {(n,vn) : n € S} or {(n,yn) : n € N} according to
a € S or a € N. For convenience, we denote

Ey=(0,5), Egm+a=(0,N)
and

{t,ym) :ne St = (5,79),
{(m,ym) :ne N} = (N,7N).

The partition given in the following theorem is the basis of the paper. It pro-
vides a useful method for constructing SD.S, Hadamard matrices and T-matrices.

Theorem 1 There exist eight subsets, Xi,---,Xg, of GF(q), q and m satisfy
(1), such that

|X1| = [Xa2] = m, (2)
(010 = {mej0enme30-nf=(%Lx) o
(XX} = {m+5+)m+50-2)], ()
X1+ +Xs = GF(q), (5)
vV = MU, (6)

for some x,y satisfying (1), where

vV = (XlN + X058, X154+ XoN, -+, X7 N 4+ X5, X75 + XgN)/, (7)

U = (Xla"'vXS), (8)
and
[ Xa|-1 | Xa|-1 [X3[-1 |X4|-1 |Xs5]-1 [Xe|-1 |X7|-1 [Xs|-1
| Xo| 1Xa|l X4l X3l X6l X5l [Xs| XA
| X4 | X3 | X1 | Xo| | X7] | Xs] | X6] | X5]
M= I Xs| Xl [ Xo|l  [Xal o [ Xs| o (X7l X5 [ Xl

| Xe| [ Xs]  [Xs|] X7l [Xal o [Xe| X3 [XY
X5 1 Xel (X7l [Xs| [ Xo| X [ Xe] XS
| Xs| [ X7] (X[ [ Xel [ Xal (X [ Xa| o [X:
X7l | Xs|  [Xel  [Xs] | Xs] (X4l [Xo| XA

We call the partition satisfying (2)—(9) a (¢;x,0,y,y)-partition.

Proof. Put
C; = {gk : kEi(mod8)}, 1=0,1,---,7,
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where g is a generator of GF(¢?). It is clear that

2m
Ci: UE8j+’i7 7’:071777
j=0

Particularly, Cy and Cy = ¢®™+4Cy can be written in the forms
Co = (0,9)U{(S,7S),y€ X1} U{(N,yN),v € Xa}, (10)
Cs = (0,N)U{(N,yN),y € X1} U{(S5,7S5),7 € X2} (11)
for some subsets X; and Xs of GF(q). Obviously,
| X1] + [Xo| = 2m. (12)

For any i,1 < i < 2m, write ¢® = aw + B(€ Eg;) and a # 0 for sure. Now

8iySm+3 _ g(16m+8) (4= 1)+8(2m+1—0)

(9 € Eg2mt1-i)

and
(aw + B)¥ 3 = au®™ 3 1 3 = —aw + 3,

so a(—a) € N and a '3+ (—a)~13 = 0. Therefore v = o~ '3 € X; if and only
if —y € X3_;,7 = 1,2. These facts, together with (12), show that

[ X1| = [ X2 =m (13)
and
0¢ X, UXo. (14)
Now take
X5 ={-y" 1y e (XiNN)U(X2n )}, (15)
Xo={0yu{-7":ye(XinS)U(X2NN)}. (16)

Since {02306} = {g4m+200,912m+66‘10} and {E4m+2>E12m+6} = {(Sv 0)> (N7 O)}a
SO

vEXs v€Xe veXs veXs

{02706}:{ U (S,’VS)U( U (NfYN))? U (N77N)U( U (S,’}/S))}

Without loss of generality, we can write

C2 ={(5,75),7 € Xs} U{(N,7N),7 € Xe}, (17)
Cs = {(N,7N),y € X5} U{(S5,75),7 € X¢}- (18)
Clearly
| X5| + | X6| = 2m + 1. (19)
Since

{E2m+17 E6m+3a E10m+5> E14m+7} = {(S7 _S)v (Nv N)a (Nv _N)a (S7 S)}?



it follows that

1, -1 ¢ X1 UXos.

Define

X3
Xy
X7
X3

Similarly to (17) and (18), without loss of generality, we can write

) =
Cs
Cs

{
{
{
Cy {

(
(
(N,’YN),’YGXg}
(

Obviously,

| X3| + | X4| = | X7] + |

From [16] we know that

4

S,78),v € Xaf U{(N,¥N),v € Xu},
SWS%’Y € X7} U{(Nv IYN)a’Y € XS}a
),

U{(S,7S),v € Xa},

Nv’YN)vfy € X7} U{(S,’yS),’y € XS}

Xg’ =2m + 1.

D (1 Xoia| = [X2)? = 2(1X3] — [ Xu])? + (| Xs] — | X6])? = g

=1

Therefore,

(1X5] = 1X6l)* =2? and (| Xs| - |Xa])? = (|X7] — |X5])* = &

for some = and y. Consequently, by (13), (19), (24) and (25), we have

Since

{I1X5], [ X6} 5

(X3, X4} = {|X7],|Xs]} :{

— {m+1(1+x),m+;(1—x)}a

1 1
m+§(1+y),m+§(1—y)

b

{3 U~ -+ D)y e (XS + 1) UX NV + 1))},
{(—~(y=D' v+ 1)y e (X NIV + 1) NS+ 1)},
{(v+ D) 'y =D :ye (X WV -1) U NS =)},

B+ v =1y e (X NS - D) UKV - 1)}

(25)

{(5775)77 € XIUXSUXSUX7}U{(N7’YN)77 e)(2LJAX4LJAX6LJ*XS}

3 2m

UU U Esj+a),

2m
= Bs
i=1 i=14=0

it follows that

i.e.

|IX1UXoUX3UXsUXs5U XU X7U Xg| =8m + 3,

X1+ Xo+ X3+ Xy + X5+

6

X6+ X7+ Xz = GF(q).



Now we are going to prove (6).
For any h = aw + § # 0,«, 5 € GF(q), it is clear that

{hCy,---,hC7} = {Cy,---,Cr}.
Note that

(o, B)(, 8) = (aw + B)(d'w + ') = (af' + B/, 36 — ad'),

we have

hCo = (a$,BS)U{(ay+p)S, (By — a)S),y € X1}
U{((ay + B)N, (By — a)N),vy € Xa}, (26)
hCy = (aN,BN)U{(ay+ B)N,(By —a)N),v € X1}
U{((ay + B)S, (By — @)S),v € Xa}.

For any 79 € X1, we can choose o, 3 € GF(q) such that « € S and o~ ! =
- € Xo.
In (26) the term
(aS, BS) = (S, —795) € Cy,

it follows that
hCy=Cy and hCy = C,.
Then in (26) the term
((a’YO + /B)Sa (ﬁ70 - Oé)S) = (Ov _(1 + 7(%)5)
should be equal to (0, N), i.e., 1 ++& € S. Now
hCO = (S7 _fYUS) U (07 N) U {((fy - 70)57 _(1 + 770)5)77 € X17’Y 7é 70}
U{((v = 70)N, =(1 +770)N), v € X2}
= (0,N)U (S, —70S) U{(S,—y ' (1 + ¢ +107)S),7 € R1}
U{(N, =y~ (1 +15 +107)N, v € Ry},

where

Ry = ((X1 =) NS) U ((X2 =) NN),
Ry = (X1 =) NN) U ((X2 — ) NS).

Comparing expression (26) with (11), it follows that

[Bi| = [(X1=7) 0S|+ (X2 =) N NI =[Xa| -1, (27)
[Ro| = [(X1—70) NN+ [(X2—10) N S| =[Xa] (28)
(27) and (28) mean that the coefficients of vy in X3 N + X258 and X715 + XoN

are |X1| — 1 and | X3| respectively.
Similarly, for vy € X1, we can prove

hCZ = Ci+4 and hCi+4 = Ci,i = 1,2,3.



Comparing the expression of hC; with that of Ci14(i = 1,2, 3), it follows that the
coefficients of vg in X3 N+ XS, X354+X4N, Xs N+ XS, X55+XgN, X7 N+XgS
and X754+ XgN are | X4|, | X3/, | X¢|, | X5], | Xs| and | X7| respectively.

Similarly, repeating the procedure for Xs,---, Xg, one can get (6). The
theorem is proved. O

For any subset E C GF(q), 3,7 € GF(q) and integer ¢, we write
BE+~y={Ba+~v:acE}, EW={a:acFE}
and as well as in Z[GF(q)]

BE+~y=Y (Ba+r), EV =3 o

aclE acl

Theorem 2 Suppose W = {X1,---, Xg} is a (q;z,0,y,y)-partition of GF(q), 3,7 €
GF(q) and B #0. If W = {Xy,---, Xg} is obtained from W under the following

transformations:
(a) Xi=X;+r,i=1,---,8,
() Xi=XP, i=1,---,8,
(c) X; =pBX;,i=1,---,8 forB €S,

(d) X1 =BX2,Xo=pX1 and X; = BX;, i=3,---,8 for 3 € N,
then W is also a (q;z,0,y,y)-partition of GF(q).

The proof of Theorem 2 is trivial. We refer it to the reader.
Remark. In general, the representation ¢ = % 4+ 2y? is not unique, and so the
values of z and y in (1), (3) and (4) are not completely determined by Theorem
1. In this case there is a problem: Does there a (g;z,0,y, y)—partition exist for
every given pair (z,y) satisfying (1)7

Example 1 ¢ =27=8x34+3=3242x32=5242x12. Let 6§ be a root of
the equation 6 = 6 + 2. Then

GF(3%)*={6":i=0,1,---,25}.

Take

Xl :{55’515’519}’ X2 :{52,56,518},

X3 — {54’ (510, 512’ (513}, X4 — {5147 (516,522},
X5 — {57’ 58’ 511, 520’ 521, 524}7 X6 —_ {0}’

X7 = {5,838}, Xg = {89,617, 623, 525},

It is easy to verify that {X1,---, Xg} is a (27;5,0, 1, 1)—partition.
Remark. We can read off
|(Xoi—1 —a) N S|+ |(X2s —a) NN, [(Xa2i—1 —a) N N|+ |(Xo —a)N S|
by simply finding the coefficients of & € GF(q) in
Xoi—1N + X9,5, Xo;15 + Xoy N

respectively, ¢ = 1,2, 3, 4.



3 Generalized cyclotomic classes

In this section, by using (g;z,0,y,y)-partitions, we will construct generalized
cyclotomic classes, which have properties similar to those of classical cyclotomic
classes.

For any a € GF(q)*, we know that x,(S) and x (V) only depend on the
fact that « is in .S or in N, and do not depend on the particular choice of the
element o in S or N. If @ is either S or N, we will denote x(Q) by xs(Q) for
any o € S and yn(Q) for any 3 € N. Define

a=xs(5) =xn(N), b=xs(N)=xn(S5).

The value of a and b can be computed from either the values of quadratic Gauss
sums [6], [7], [8] or uniform cyclotomy [2]. They are

a0t = {30 +v=0.—50-v=0)}.

Theorem 3 Suppose {X;, i = 1,---,8} is a (q;x,0,y,y)-partition of GF(q),
and Co, -+, Cy are subsets of GF(q?), given as in (10), (11), (17), (18), (20),
(21), (22) and (23) respectively. Then

7
CiCj=cj—i(2m+1)(dm+ 1)+ > <j—ik>Ciy,0<i<j <7, (29)
k=0

where €;_; = 1 or 0 according as j —i = 4 or not, the table of < i,j5 > (0 <1i,j <
7) reads as:

<0,0> <0,1> <0,2> <0,1> <0,4> <0,1> <0,2> <0,1>
<1,0> <1,0> <1,2> <0,1> <0,1> <0,1> <0,1> <0,7>
<2,0> <0,1> <2,0> <1,7> <0,2> <0,1> <0,2> <1,2>
<1,0> <0,1> <0,1> <1,0> <0,1> <1.,7> <1,2> <0,1>
<0,0> <1,0> <2,0> <1,0> <0,0> <1,0> <2,0> <1,0>
<1L,0> <0,1> <1,7> <L,2> <0,1> <1,0> <0,1> <0,1>
<2,0> <1,7> <0,2> <0,1> <0,2> <1,2> <20> <0,1>
<1,0> <1,2> <0,1> <0,1> <0,1> <0,1> <1,7> <1,0>

<0,0 >=m?+m, <0,1>=m?+m— (> 1),
<O,2>:m2—m+%(y2—1), <0,4>=m?+3m+1,
<L0>=m?+ 3(y° - 1), <1,2>=m2+m+ (1 + 2zy +y?),

<1L7>=m?4+m+i1-2zy+y?), <2,0>=m?+m—5(y>-1),
and C; = Cj as i = j(mod 8).

Proof. We calculate the character values of C;,7 =0,---,7, as follows.
For any ay,as € GF(q), clearly,

X(al,az)(ci+4) = X(al,ag)(ci)>i =0,1,2,3.
It is enough to calculate the character values only for Cy, C1,Cy and C3. Now

X(a1,02)(C0) = ZgTrqz(alﬁw+a2ﬂ)+ Z gTrqz((aw+a2)ﬁw+azw67mﬁ)
BesS BeESHEX,

9



+ Y ¢ Tra* ((arv+az)Buw-+azyB—aif)

BENvEX?2

3 ¢ Tra(Trq* /q(on futazB))

Bes

+ Z gTr‘l(Tr‘JQ/Q((Oél7+042)/3w+0c27/3—0c1[3))

BeSyEX,

+ Z gTrq(Tl"qz/Q((oq7+a2)ﬁw+a276—a16))

BENyEX2

S ¢TraCeas) o 3™ (TraClozy-ans) o 5™ (Tra(ezr-—a)
BeS BeESyEX, BEN,yEX2

= X2a2(S) + Z X2(a2'yfa1)(5) + Z X2(a2'yfa1)(N)'
vEX1 vEX2

If a1 = a9 =0,
X(0,0)(Co) = |Co| = 2m + 1)(4m + 1) = (¢* - 1)/8.
If g = 0,01 £ 0,
X(a1,0)(Co) = 4m + 1 + | X1[Xa, (S) + | X2[Xa, (V) = 3m + 1.

If ap € N, we set a = 042_1041, then

X(Oq,ozg)(co) = a+ Z Xy—a(S) + Z Xy—a(V)

veXy yEX2

= a+ Z X~(5) + Z X~(S)

YE(X1—a)NS vyE(X1—a)NN

+ Z X~ (9) + Z Xy (V)
vE(X1—a)n{0} ye(Xa—a)n{0}

+ Z X~ (V) + Z X~ (V)
vE(X2—a)NS ve(X2—a)NN
= (14 k1)a+ keb+ (4m + 1)|((X1 U X2) — a) N {0},

where

ki = |(X1—a)nS|+|(X2 —a)NN|,
ky = [(Xi—a)NN|+[(X2—a)NS|.

Ifaye S, let a= aglal again, we get
X(a1,02)(C0) = (L4 k1)b + koa + (4m + D)[((X1 U X2) — o) N {0}].
Similarly, we have

X(0,0)(Ci) = 2m + 1)(4m + 1),
X(a1,0)(Ci) = [X2i11]Xay (S) + [ Xait2|Xa, (N),

X (Cy) = koit1a + kaitob 4+ (dm + 1)|(X2i41 U Xoit2) — a) {0}, a2 € N,
(el k2iv1b + k2ir2a + (4m + 1)[((X2ip1 U Xaiy2) — a) {0}, a2 €5,

10



where

koiv1 = [(X2i41 — @) N S|+ [(Xaip2 —a N N|,
ki = [(X2ig1 — @) N N|+[(X2ip2 —an S|,
1=1,2,3.
We know that for any ~ # 0
Xy (8) + x5(N) = —1, Xy ()X (N) = 2m + 1,

VS) = —2m — 1 xy(S). (V) = —2m —1— xy(N).

We denote the right hand side of (29) by R;; and discuss the case i = j =0
at first. One can see that

|CoCo| = (2m + 1)*(4m + 1)?

and

7 7
| Roo| = Z <0,k>|Ckl =02m+1)(dm+1) Z < 0,k >=|CyCo|.
k=0 k=0

For oy # 0,
X(01,0)(C0C0) = X{ay.0y(Co) = (Bm +1)?

and
X(ozLO)(ROO) = (< 0,0>+<0,4 >)(3m + 1)— <0,2> (’Xg’ + ’X4’)
—<0,1> (|Xs5| + | Xe|)— < 0,3 > (| X7[ + [ Xs])
X(a,0)(CoCo).

For as € N,

X(Oll,ag)(COCO> =—2m+1)(1+k — k2)2 — (1 + kl)za — k%b +
(4m + 1)[2(1 + k1)a + 2k2b + (4m + 1)]|((X1 U X2) — ) N {0}]

and

X(al,az)(ROO)

=< 0,0 > [—1 — k1 — ko + 2(4m + 1)’((X1 U XQ) — a) N {0}” +

<0,1> [—kg —ky — k7 — kg + 2(4771 + 1)|((X3 UXyuXysu Xs) - a) N {O}H
420,25 [—ks — kg +2(4m + 1)|((X5 U X6) — @) 1 {0}]

+[< 0,4 > — < 0,0 >]X(a;,a0)(Ca)-

If o = a;lal € X1 Xo, then
1+ ki =ky=m, kyp1 +koiyo=2m+1, i =1,2,3.

Hence,
X(al,az)(cg) = (3m + 1)2 = X(al,ag)(ROO)‘
If a € X3, then

klz ‘X3‘_17 k2:|X4|7 kSZ‘Xl ) k4: ’X2’7
ks = | X3, ke = | X7,  kr=1|X5|, ks =|X¢|
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Therefore
X(al,az)(cg) =—(2m+ 1)3/2 - ’X3’2a - ’X4’2b = X(al,az)(ROO)-
If a € X4, then
ki =1[Xa| =1, ko=1[X3|, k3=|[Xa|, ks=|X1],
ks = | X7|, ke = | Xg|, k7 =|X¢|, ks=|Xs|.
So
X(al,ag)(cg) = _(2m + 1)y2 - |X4|2a - ’X3|2b = X(Oq,ozg)(ROU)'

By a similar discussion we can prove that

X(a1,02) (Cg) = X(a1,a2) (ROO)
is valid in all cases. Consequently, C2 = Rgo. The proof of the rest of the theorem

is similar. O

Theorem 3 shows that the formulas of the left part of the table [5, p196]
are still valid for Cy,---,Cr defined by (10), (11), (17), (18), (20), (21), (22),
(23) respectively, which need not be cyclotomic sets. We call them generalized
cyclotomic classes.

Corollary 1 Under the same assumptions as Theorem 3, Cy, C1,Cy and C3 are
4-{¢% (> —1)/8; (¢* — 9)/16}SDS.

Proof. From Theorem 3 we have

3 3
Y AC; =) CiCira=(1¢> +1)/16 + (¢° — 9)/16GF(¢?).
i=0 i=0

The proof is completed. o

Remark. It is easy to see that C;, Cj,Cy and C; are 4-{¢?%; (¢* — 1)/8;(¢* —
9)/16}SDS for any set {3, j, k,l1} = {0,1,2,3} (mod 4).

Example 2 Let ¢q=11. Thenm=1=y,z = 3.
S=1{1,3,4,5,9}, N =1{2,6,7,8,10}.

Take
={6}, X, = {10}, X3 ={0,1}, X,={9},
=0, Xs=1{2,3,8}), X;=1{7}, Xs={4,5}.
It is easy to verzfy that X1,--+, Xg satisfy (2)-(9). Define Cy,---,C7 as in (10),
(11), (17), (18), (20)—(23):
Co = (0,9)U(S,65)U(N,—N), = (0, N)U(N,6N) (S, —S),
Cr = (S,O) U(S7S) U(N,QN), (N,O) ( ) (S S)
Cy = (N,2N)U(N,3N)U(N,8N), 06 = (S5,29) (S 35) (S,85),
C3=(S,7S)U(N,4N)U(N,5N), C7=(N,7TN)U(S,45)U (S,5S).
From Theorem 3 it follows that

<0,0>=<0,1>=2, <0,2>=0, <0,4>=5,
<1,0>=<1,7>=1, <1,2>=4, <2,0>=3.

It is easy to show that Cy,---,C7 satisfy (29). However they are generalized
cyclotomic classes, not cyclotomic sets.

12



4 Constructing SDS

In this section we will construct some SDS which can be used to form Hadamard
matrices.
To construct SDS in GF(g?) we need the following lemmas.

Lemma 1 In GF(q?) the following equations hold:
(i) AEZ = (4m + 1) + 2m(E¢ + Ei+8m+4)§
(ii) AN(E;i, Eiggmta) = (4m + 1)(E; + Eir8m4);

(iii) AN(Ei, Ej+Ejismia) = GF(¢*)* = (Ei+Ej+ Eiygmya+Ejism+a),
i#5,0<4,5<16m+1.

For the proof see [13].
Let A = {ao,--',agt} C {0,1,---,16m—|—7} and B = {b17"'7b4m+1—t} C
{0,1,---,8m + 3}. Suppose

[{a(mod 8m +4) :a € A}UB|=4m+2+t. (30)
Write
2t B 2t Am~+1—t
C= U Eap C= U Eai+8m+47 H = U (Ebj U Ebj+8m+4)7 D=CUH.
i=0 i=0 j=1

Lemma 2 Under the condition (30) we have

AD = 2(dm+1—t)(dm+ 1)+ [(4m +1)* - *|GF(¢*)*
—(Am+1-t)(C+0O)+ AC. (31)

Proof. (31) follows from Lemma 1 by direct calculation. 0

From (31) we see that the expression of AD only depends on the set of A
and does not depend on the particular choice of B.
Let Xi,---,Xg be a (¢;z,0,y,y)-partition of GF(q),

B; C GF(q)\(XQH-l UX2i+2)> ‘Bl‘ =3m + 17 i = 07 17 273a (32)
Cy, -+, C7 are given in Theorem 3. Set
Hi= |J ((54S)U(N,yN)), D;=C;UH;, i=0,1,2,3. (33)
YEB;

Theorem 4 Dy, D1, Dy and D3 given in (33) are 4-{q;q(¢—1)/2;q9(¢q—2)} SDS.
Proof. It is easy to show that (32) and (33) guarantee the validity of (30) for

every 1.
From Lemma 2 we have

AD; = 2(3m+1)(4m+1)+(3m+1)(5m+1)GF(¢*) — (3m+1)(C; 4 Ciya) + AC;,

1=20,1,2,3. The conclusion follows immediately from Theorem 3. O
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Let e, f be integers such that 0 < e, f < 7 and {e, f} = {1,3}(mod 4),

Bi C Xois )11\ Xogispa2s |Bil =m, (34)
H; = U ((S,vS)U (N,yN)), D; =C; U Cita U Cite U H;, (35)
YEB;
1=0,1,2,3.

Theorem 5 Dy, D1, Dy and D3 given in (34) and (35) are 4-{q*; q(q—1)/2, q(q—
2)}SDS.

Proof. First, (34) and (35) ensure (30) for every D;,i =0,1,2,3.
Then, from Lemma 2 we have
AD; = 2m(dm+ 1) +m(Tm + 2)GF(¢*)* — m(GF(¢*)* — Civ s — Citfra)
+ A (Ci + Ciya + Cige).

Hence
3 3
Z AD; = 8m(4m + 1) + m(28m + 5)GF((]2)* + Z A(Cz + Ci+2 + Ci+e)
i=0 i=0

= ¢*+qlq—2)GF(q%),

where we used the following equations:

3
A(Cl + Ciya + Ci+e) = 3(2m + 1)(4m + 1) + Z OZJ'(CZ‘+]' + Ci+j+4)7
=0

3
d a; = 36m®+2Tm+3.
§=0

d

Remark. The (1,-1) incidence matrices of Dy, D1, Dy and D3 in Theorem 4
or Theorem 5 maybe used to construct an Hadamard matrix of order 4¢® with
Goethals-Seidel or Wallis-Whiteman type [13].

5 Constructing T-matrices

T-matrices play an important role in composite Hadamard matrices.

Definition 1 (T-matrices) (0,%1) matrices T1,T>, T3 and Ty of ordert are called
T-matrices if the following 5 conditions are satisfied:

(a) They are pairwise commute;

(b) There is a monomial matriz R of order t, R' = R, R*> = I, such
that
(TiR) = TiR, i = 1,2,3,4;

(c) T;+T; =0,i+# j,1 <1i,5 <4, where x denotes Hadamard product;

14



(d) Ty +To + T3+ Ty is a (1,-1) matrix;
(e) Z?:l T,T] =tl.

Let Cy,---,C7 be given as in (10), (11), (17), (18), (20)—(23) respectively.
We know that for each 7, 0 < ¢ < 7, there is a set A; of numbers, such that

|Ai| =2m + 1, A; c{0,1,---,16m + 7},
Ci =Ujea, Ej,  i=0,1,---,7.

It is clear that -
UJ4i={0,1,---,16m + 7},
i=0
and for 1 =0,1,2, 3,
Ai +8m+4={a+8m+4(mod 16m +8) : a € A;} = Aj1a.

For each i,0 < i < 3, choose a subset ; of A; such that |I;| = m. Denote
Ai\I; by I;, i =0,1,2,3. Set

Dy = J (BiUEisma)|JColJCilJCo,
i€l3
Dy = | (BiUEisma)|JC2\JCs|JCu,

i€l

Di = {J (EiUEismia)|J ( U (& Ej+8m+4))

i€lp jeh

U ( U <Ek U Ek+8m+4)> UCg,
k

els

D3 = |J (BiUEiismia)|J ( U (Bju Ej+8m+4))

iEI_o JEl2

U ( U & v Ek+8m+4)) UG (36)

kels
Theorem 6 Dy, D1, Dy and D3 defined in (36) are 4-{q*; q(q—1)/2;q(q—2)}SDS.

Proof. First, we see that, for each D;,0 < i < 3, (30) is valid. Then, from
Lemma 2 it follows that

ADy = 2m(4dm+ 1)+ m(7m + 1)GF(q2)* +m(Cs + C7) + A(Cy + C1 + Ca),
ADy = 2m(4m + 1)+ m(Tm + 1)GF(¢*)* + m(Cy + Cs) + A(Cy + Cs + Cy),

AD; = 2Bm+1)(dm+1) + B3m+1)(5m + 1)GF(¢%)* -
(3m 4 1)(C3 + Cr) + ACs,

ADs = 2Bm+1)(4dm+1) + (3m + 1)(5m + 1)GF(¢?)* —
(3m +1)(C1 + Cs) + ACs.
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From Theorem 3 it is easy to verify that

3

Y AD; = ¢* + q(q — 2)GF(q).
=0

The theorem is proved. O

We have need to point out that every element of GF(g?) appears an even

number of times in the system of Dy, D1, D2 and D3 given in (36). Hence from
Theorem 1 and Theorem 3 of [14] and Theorem 6 above we obtain the following
theorem.

Theorem 7 There exist T-matrices of order ¢* with q prime power =3 (mod 8).

It is worth pointing out that from [13], [15] and this paper one would know

the state of the art concerning Hadamard matrices of order 4¢ (g prime power),
namely, the only open case is ¢ congruent 7 mod 8.
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