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Regression analysis for longitudinally linked data

Gunky Kim and Raymond Chambers
Centre for Statistical and Survey Methodology
University of Wollongong

Abstract

Most probability-based methods used to link records from two distinct data sets correspond-
ing to the same target population do not lead to perfect linkage, i.e. there are linkage errors
in the merged data. Chambers (2008) describes modifications to standard methods of regres-
sion analysis that can be used with such imperfectly linked data. However, these methods
assume that the linkage process is complete, i.e. all records on the two data sets are linked.
This paper extends theses ideas to accommodate the situation when the number of data sets

are more than two.

key words: Record matching; linkage errors; linear regression; logistic regression; estimating

equations.

1 Introduction

In recent years, because of its advantage of creating new information from already existing
files by linking them, the linkage process becomes an important research tool in many areas
such as health, business, economics and sociology. One important linkage application is
where different data sets relating to the same individuals at different points in time are
linked to provide a longitudinal data record for each individual, thus permitting longitudinal

analysis for these individuals. To illustrate, the Census Data Enhancement project of the



Australian Bureau of Statistics aims to develop a Statistical Longitudinal Census Dataset
by linking data from the same individuals over a number of censuses. It is expected that this
linked data set will provide a powerful tool for future research into the longitudinal dynamics
of the Australian population. However, without access to the same unique identifier in each
of the linked data sets, there is always the possibility that linkage errors in the merged data
could lead to a longitudinal record ostensibly relating to a single individual being actually
made up of a composite of data items from different individuals. This in turn could lead to
bias and loss of efficiency for the longitudinal modelling process. Further, as the number of
censuses to be linked increase, the structure of linkage error will be more complicated as it

will increase more bias and inefficiency for the modelling process.

The work of Neter et al. (1965) shows that small mismatching could cause significant response
error. Their work has become a foundation of the analysis on the linkage error. Some authors,
such as Scheuren and Winkler (1993), Scheuren and Winkler (1997) and Lahiri and Larsen
(2005), have tried to extend the work of Neter et al. (1965) on regression setting. However,
the volume of works on the analysis of the linkage error is not rich. In Chambers (2008),
Chambers has developed new methods to adjust the bias in the linear regression parameters
for the linkage process when two data sets were merged. In this study, we extended the ideas
of Chambers (2008) to accommodate longitudinally linked data sets where the number of

merged data sets are more than two.

In general, most of works for linkage error correction has been done when two data sets are
merged. However, the linkage error structure of longitudinally linked data sets, when the
number of data sets are more than two, are more complicated compared to the linkage error
structure of two data sets. As far as our knowledge, this is the first attempt to correct the
linkage errors in the merged data sets when the number of data sets are more than two. We
will use three data set case as an illustration of our regression analysis, but it is trivial to

see that it can be easily extended to deal with any number of data sets.

1.1 Backgrounds and assumptions

Suppose that we are interested in fitting a regression model of the form

Ex(Y) = [(X;0),



where f is a known function, but the parameter 6 is to be estimated, and X has more than

one data sets. For example, consider a linear regression model of the form

Y =05+X 10+ XoB+e= X3 +¢,

where we have three different files, one for Y, one for X; and one for X,. When these three
data sets were created separately, and if there is no unique identifier among them to match
each other, matching y; with the correct values of x1; from one file and x; from another file
could be a difficult task and there could be a strong chance of mismatching. If there exist
mismatches, the estimation of 3 could be biased if we ignore them in the estimation process.
The purpose of our study is to develop some methodological frames to adjust the bias of 3

estimations when the mismatches are expected.
For the assumptions we made in this papers are:

1. For the case of register-register, there exist a population of N units for all Y, X; and
X, such that each one of y; should be linked with one of x1; from one file and x5; from

another file.
2. X can be partitioned into @ different blocks!. Let us call this block as “m-block”.

3. The linkage errors occur only within the m-block, in the sense that records in distinct
m-blocks can never be linked. The records from X that make up the ¢"* m-block is

denoted X,.

4. In case of sample-register, suppose that we only have sample? s from a bench mark
register, for example, X with possible relation E(Y|X 1, X3) = f(X1, X9;0) when

they are correctly linked. f could be either linear of logistic function.

5. Denote X, the sample records X of the sample size s and some of records in X,

may not be linked to the records in Y or Xo.

6. Even though some of records are not linked, we assume that the regression model of

linked records would be valid for the non-linked records if the links are found.

1See Chambers (2008) for more detailed discussion about the block.
2The sample set can be drawn from any data set. To explain our assumptions in more details, here we
assume that the samples are drawn from X1, while Y and X are registers.



2 Register-register case

When there are three data sets, usually one of them is regraded as a bench mark data set
and mismatches happens when someone try to link this bench mark data set with other data
sets. Thus, when there are three data sets, we expect that at most two kinds of possible
mismatches can happen. For example, if we set X; as the bench mark data set, possible
mismatches happen when we link Y with Xy or link X; with X5. We will consider the case
of one mismatch situations and the case of two possible mismatches case separately. For the
two mismatches case, we assume that mismatches from the linkage process between Y and

X are independent of the mismatches from the linkage process between X; and X,.

2.1 Three data sets and one mismatch cases: A ratio-type esti-
mator

Note that our model is of the form
Y =06+ X101+ X +e=XB+¢,

where X = (1, X, X5). Suppose that X is the bench mark data set. Then, possible
mismatch can happen either when one links records from X; with Y or when one links
records from X; with X5. However, if the mismatch happens only when one links records
from X; with Y and X; and X5 can be linked perfectly, one can regards X = (1, X, X>)
as a one data set, and this case has been dealt extensively in Chambers (2008). Hence, we
will only consider the case where mismatch happens when one links records from X; with

X 5. Let us call this situation as Case 0.

Case 0: When each xy; is correctly linked with corresponding y;, but some of xy; are not

correctly linked with zy;, one has
Yq = ﬁO + quﬁl + X;qﬁ; + €q = X;/B* + €q>

where

X:; = (1an1qu§q) ’ qu = BQ(]X2Q

and By, is a permutation matrix. Note that Xy, is not observable, and we only observe

X5, However, if the matrix By, is known, one has
. T *
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Thus,
Xq = (1qu1q>X2q) = (1q>X1anQTqX§q)-

Let
XP = (1, X, BLX3,). (1)

Note that X 52 is only observable if Bs, is known. But, generally, Bs, is unknown and in

this case we adapt the non-informative linkage assumption®, that is,

Ex-(X3,) = Ex+(B3,) X5, = Ep,, X}

2q

where Ep, satisfies the exchangeable linkage error model. Tt means

EBQq = ()\BQq - fYBQq)Iq _'_ fyBQq 1(]157

where
AB,, = pr(correct linkage between X, and X3,)
and
YB,, = Pr(incorrect linkage between X, and X5,).
Let

XqE = Ex«(Xq) = Ex [(1qu1qu2q)} = (14, X, EBQq‘X;q)' (2)
Then, by OLS, one has
2" * * -1 *
/6 = [Z(Xq)TXq:| [Z(Xq)TYq}’
q q

where

B (@) = [ S x)x;] [ x5 = D

Hence, if the matrix Ep,, is known and the inverse of D, exists, a ratio form of an unbiased

estimator of 3 is of the form

Bm = DIIB .

Let
fq - Xqﬁa
o =X.0, (3)
fo=X7B.

3We assume that the distribution of By, is independent of X35, given X

bt



Proposition 1. An asymptotic variance estimator of Bm can be defined by

Vi(Br) = [Z<X2)TX5] B [Z<X2)TV1(Yq>XZ] ([Z<X2)TX5] _1>T’

q q q

where

Vi(Y,) =6I,+ Vg,

Here, V(Y ,) can be estimated by
o :N_lz(Yq_ff)T(Yq_ff)
q
and, given f*ng = X5,0,

Vs, = diag [(1 — o) {Ams, (P i = T )2+ i) — (fEQQ)Q}],

where f’fBQq = (ngqvi) and fg2q, 7;(2? are the averages of fgw and their squares respectively

in fj‘BQq.

2.2 Three data sets and two mismatches cases: A ratio-type esti-
mator

When there are three data sets and and two mismatches in the data linkage processes, there

are two possible scenarios.

e Case 1: Y is the bench mark data set and the linkages between Y and X; and the

linkages between Y and X, are done with some errors.

e Case 2: Either X; or X, is the bench mark data set* and the linkage between the
bench mark data and other X data set and the linkage between the bench mark data

set and Y are done with some errors.

Let us consider the Case 1 first. So, we assume that the data set for y; is correctly recorded,
but there are mismatches between y; and x1; as well as between y; and z4;. Also, we assume
that mismatches between y; and x1; are independent of the mismatches between y; and x»;.

In this case, our regression model is of the form

Y, =00+ X100 + X5,0; + 6= X8 + ¢,

“In this paper, we assume that X is the bench mark.



where
XZ = (1q7X* X;q) s Xiq = qu.qu and X;q = BQqXQq,

1qg»

and By, and B,, are permutation matrices. If By, and By, are known, one has

X, =1, X1y Xoy) = (1q,B§;X* nggq).

1q»

Since, By, and By, are unknown in general, we apply the non-informative linkage assumption

so that

X(fm = Ex- (XQ) = (1q7 EquXTqv EBQqX;q)7 <4>
where,
EB'Lq = ()\B'Lq - fszq>Iq _'_ f}/B’Lq 1q1§
and
AB;, = pr(correct linkage between Y, and X7 )
vB;, = Pr(incorrect linkage between Y, and X7, ).
Then, by OLS,
2* * * -1 *
g =[x [ Yy,
q q
where

. -1
Ex-(B) = | (X)X | (X" X[2|8 - DB
q q
Hence, if the matrices Ep 6 and Ep,, are known and the inverse of D, exists, a ratio form

of an unbiased estimator of 3 is of the form

BRQ =D, 16 .
Let

£ = X0

Proposition 2. An asymptotic variance estimator of BR2 can be defined by

ValBr) = [ X X2 [ ) vy x;) ([ xe] )

q q q

where

~

VoY) =6I,+ Vg, + Vg,

Here, V5(Y,) can be estimated by
5% = N_lz(Yq - ffz)T(Yq - ff2)
q
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and, given f*qu = X}, Bj forj=1or2,
: * £* *(2 r*
Vp,, = diag [(1 - )\qu){)\qu (fqu,i - fqu)Q + fng) - (fqu)2}:|7
where f*qu = (fgjq’i) and fgjq, f;i) are the averages of fgjqﬂ- and their squares respectively
in f*qu.
Now, we are considering the Case 2. When some of xy; are incorrectly linked with corre-

sponding y; or with x9;, our regression model is of the form
Y, =00+ X0+ X5,0 te,=X,8 +¢,

where

Y =AY, Xj = ByXo,

and A, and By, are permutation matrices. By non-informative linkage assumption® on 4,,

one has
Ex-(Y}) = Ex-(A)Y,) = Ex+(A)Ex-(Y,) = Es,Ex-(Y,) = E4, X[, (5)
where
By, = (A\a, = va,) Ly + 74,1415
with
A4, = pr(correct linkage between X1, and Y7)
and

Y4, = pr(incorrect linkage between X, and Y7).

Further, we assume that the mismatch between z1; and ; is uncorrelated® with the mismatch

between x1; and x9;. With these assumption, by OLS, one has

g =[x [ Sy

- [Cxrx] [ Saxray]

and

Bx(8) = [ S x07x] [ S (x0T XE| 8 = D

q q

Here we assume the randomness of the linkage error between Y7, and X;. See Chambers (2008) for a
more detailed discussion.
6We will try to relax this assumption soon.



Thus, if the matrices Ex-(By,) = Ep,, and Ex-(A4,) = E4, are known and the inverse of

D; exists, a ratio form of an unbiased estimator of 3 for this case is of the form
/BR?) = D?jlé*-
Proposition 3. An asymptotic variance estimator of BR3 can be defined by
VilBr) = [ S xS vayy x| ([ erxr] )
q q q

where

~

Vi(Y:) =61, + Vi, + Ve,

Here, Vg(Y:;) can be estimated by
=N (s~ Yy~ 5 - 2 B, - B £E)
q
and, given f*ng = X5,0,

Vi, = diag |(1 = Ap, ) {Ams, (o = T 2 T = (T, )}

where f’fBQq = (ngqﬂ-) and f§2q, f;(j]) are the averages of fgw and their squares respectively

in fj‘BQq. Further, one has
Ve, = A, Varx- [EX* (Yq|32q)] AT,
and it can be estimated by
Ve, = diag [(1= Ay, ) {cs, (Fhn, i = Jin ) + T2 = (T, .
where f*32q = (ngqﬂ-) and f§2q, f;(j]) are the averages of fgw and their squares respectively

mn f*32q. Moreover, Cp,, = Aqu; and Ac,, 1s the probability of correct linkages in Cp,,.

2.3 The estimating function

we will modify the estimating functions used in Chambers (2008) to accommodate the lon-

gitudinal linkage case.

Suppose that one has F(Y|X) = g(X;8), where 0 can be estimated by solving



and H (0) is a function that satisfies Ex [H (6y)] = 0 when 6y is the true value of 8. Let 9y
be the partial differentiation operator with respect to 8. Suppose that 0 satisfies H(é) = 0.

Then, under some regularity condition for the smoothness and Taylor expansion,
0=H(O) ~ H(6)) + (0 — 00)H(0,).
If H(O) is an unbiased estimating function and dyH (6y) is non-singular, one has
Ex[0 - 6,) ~ —[0,H(8,)] ' Ex[H(8,)] = 0.

Then, the variance function for 8 can be derived by

T

Varx (0) ~ [0,H (6,)] " Varx [H(6,)] ([agﬂwo)}‘l) .

In Chambers (2008), the estimating function is of the form
H(0)=) G(0{Y,~ f,}.
q

where f, = Ex(Y,) and G4(0)" is a function of @ and X, but not of Y.

In the longitudinal case for the three data set, we have three different cases to consider.
Firstly, consider the Case 0 where Y and X are correctly linked, but X; and X, are not
correctly linked. Hence, we can observe true Y, but we cannot observe the true X. Instead,

we observe X ™, which is of the form
X* — (1,X1,X§) 5 X; — BQXQ

and By is a permutation matrix that is not observable in general. Then, a naive estimating

function can be of the form
H*(6) =) G, (0){Y,— f:(6)},
q

where f(60) = X ;3. Then, it is easy to see that the estimator from the naive estimating

function is biased, because
Ex-(Y,) = ££(6) £ £1(0).

Thus, an unbiased estimating function can be of the form

Hi(6) =Y G, 0){Y,~ ff o)}, (6)

"Some examples of G for different estimators are given in the simulation section.
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where qu(e) = Xfﬁ = (14, X1y, E,, X5,)8.

Let us consider the Case 1 where Y is the bench mark data set and the linkages between
Y and X, and the linkages between Y and X, are done with some errors. In this case, we

have similar estimating function
=Y G(O){Y, - f*(0)}, (7)
q

where, by (4), fEQ(O) XEQ@ (14, Ep,, X7, EB,, X5,)8.

Now, consider the Case 2 where X is the bench mark data set and the linkage between
X1 and X5 and the linkage between X; and Y are done with some errors. In this case, YZ
is observed instead of Y, and also the true X is not observable. Instead, we observe X*,
which is of the form

X" =(1,X,X3), X5=DBX>

and B, is a permutation matrix that is not observable in general. Hence, a naive estimating

function can be of the form
Z G, (0){Y — f1(0)},

where f7(0) = X;3. Then, as before, it is easy to see that the estimator from the naive

estimation function is biased, because

Ex+(Y}) = Ea,f(8) # £,(6).

Hence, by (2), (5) and (28), an unbiased estimator is of the form
=2 GuO1Y; — Ea £ (0)}, ®)
q
and the estimator 9; is defined as the the solution of
H;(6;) = 0.

Theorem 4. Let é;ﬁ be the solution of (6). Then, an asymptotic variance estimator is of the

form
V@) = [Seario)] [ Sesia]([Senson] )

11



where,

ik 1 ~2 "
Yy =0, 0,+Vp,,.
Also, let 9; be the solution of (7). Then, an asymptotic variance estimator is of the form

Vi (03) = [ 3 G,0uf24(6))] - > GS2G| (| Gaon s 6))] _1)T,

where, by (26), 222 =021, + Vqu + VB2q.

Finally, the asymptotic variance estimator for the solution of (8) is of the form

—I\T

Vi 03) = [ S G0 L 0))] [ S @S] ([ aumari@;)] )

223 — Aqu + V(j2q + VAq-

2.4 Variance estimation when linkage probabilities are estimated

So far, we assume that we know the correct linkage probabilities which is a very strong
assumption. In this subsection, we consider the case where the correct linkage probabilities
are estimated by checking a random ‘audit’ sample of linked records in each m-block. More
details of this audit estimates when there are two data sets can be found in Chambers (2008),
and we will modify his idea to accommodate the cases when there are more than two data

sets.

Let us consider the Case 2 where xy; is neither correctly linked with corresponding y;, nor

with xo;. In this case, we need to consider two different linkage probabilities:

A4, = pr(correct linkage between X, and Y7)

AB,, = pr(correct linkage between X, and X3, ),

where there is no correlation between them. Thus, the estimating function (8) can be replaced

by

H5(0.30,75,) =Y Go{Y; — Ea,(Aa))f5 (0, M5,,)} = > Uy(04, A a,, Aps,):
q q

12



and a first order Taylor series approximation is of the form
0=H3(0;, s, \p,)
~ H5(00, X%, A%, ) + 0pH (0, M9, A%, ) (0 — 65)
+ Ox H5(00, A%, A%,) (Aa = A%) + Oh, H3(00, A%, A%,) (A, — M%),

where 0y, A% and A}, denote the true values of 8, A4 and Ap, respectively. Denote
H; = Hj5(00, N3, \,),
O\, = 0\, and
Dry = Oxp, -

Then, one has

A ko

0, =0, — [0pH] ™ [H; + 06 H(Aa — AY) + 00 H (Mg, — A2

If the estimates of the linkage probabilities are obtained by a random audit sample (of the

size m{ for Ay, and m for Ap,,) of linked records, one has
Varx-(Aa,) = (my) " Aa, (1 — Aa,)

and
VarX*()\BQ(I) = (mf)il)\BQQ(l — )‘qu>-

Theorem 5. An asymptotic variance estimator of 9;* is of the form
. T
V3|X*( 5) = [0pH ;) [Vép( (057) + (9n, H ) Varx-(Aa) (9, Hy)

Ak ~ A% Ak T
+ (8)\2H0) Varx- (>‘32) (GAQHO)T} { [aBHO] 1} ’
where

~ ok ~E A~
OnHG == G| (M, = 1) (MI, = 1,1]) | F, (0. Ap,,)  and
q
OnHG = =" GoBa, (M, = 1) (MI, — 1,17)| X3, 5.
q

and Vg‘x* 1s the asymptotic variance estimator for 9; in the Theorem 4.

Similarly, an asymptotic variance estimator for 9;*, the unbiased estimator for the Case 1

when the linkage probabilities are unknown, can be represented by
Ve 07) = [00H,) ™ [V (03) + (00, ) Virxe () (00, 1)
N w1 T
(8,\3 ) VCLT’X <)\B2> (8)\32 HO) } { [agHO] } s

13



where,
Ay, = pr(correct linkage between Yy and X7,) and

Orp, ﬂo - Z G, [<Mq - 1) (M, I, - 1q1qT) XTqﬁAl'
q

Finally, an asymptotic variance estimator for éj*, the unbiased estimator for the Case 0
when the linkage probabilities are unknown, can be represented by

koK T

Vi (01) = [0 HG) ™ Vi (61°) + (9, HG) Varx () (9, )| { [0 5] '}

2.5 Simulation

We use simulation to compare the performances of different estimators we considered in this

study. The linear model we used in this simulation is of the form
Y: 1+5X1—|—8X2—|—6,

where X | were drawn from the standard normal distribution and X, were drawn from the
normal distribution with mean= 2 and the variance of 4. € were drawn from the standard

normal distribution as well.
In this simulation, we consider all three cases we have studied:

e Case 0: X, is the bench mark data set and the mismatch happens only from the
linkage between X, and r X.

e Case 1: Y is the bench mark data set and the linkages between Y and X; and the

linkages between Y and X, are done with some errors.

e Case 2: X is the bench mark data set and the linkage between X; and X, data set

and the linkage between X; and Y are done with some errors.

Here, we will only explain how we generate the data sets for Case 2. Generating the data

sets for other cases are quite trivial.

There are three m-blocks and in each m block, the pairs (z1;, z3;) were generated according
to an independent exchangeable linkage error model. Further, given X} = (1, xy,, 25;), the
pairs (yF, X) were generated according to another independent exchangeable linkage error

model. In this simulation, we use three m-blocks of sizes 500 for each m-block. Also we

14



assume that the probability of correct linkage between Y, and X, and probability of correct

linkage between X1, and X35, are known.
The estimators for the simulations are
1. the naive OLS estimator (ST),
2. the ratio-type estimator (R),
3. the Lahiri-Larsen estimator (A) and
4. the empirical Best Linear Unbiased Estimator, EBLUE, (C).

Note that different estimating functions have different form of G,. In our case,

>o<)T7

1. the naive estimator: G, = (X

2. the Lahiri-Larsen estimator: G, = (EAqu)T and
3. the EBLUE: G, = (B, X2)T(621,+ V¢, + Va,) %
The assumptions on the probability of correct linkage on each m-block are

e the probability of correct linkage between Y and Xy, : Aa, = 1, Ay, = 0.95 and
Aa, = 0.75,

e the probability of correct linkage between Y, and X7y, : Ap,, = 1, A, = 0.95 and
Apys = 0.75 and

e the probability of correct linkage between Xy, and X5, : Ap,, = 1, Ap,, = 0.85 and
ABys = 0.8.

Under the above scenario, the estimators were independently simulated 1000 times. The
regression parameters were estimated using the four estimators. The following plot box

represent the overall performance of the estimators.

Clearly, the ration-type estimator, the Lahiri-Larsen estimator and the EBLUE correct the
bias due to incorrect linkage, and the EBLUE outperforms other estimators, that was also
noted in Chambers (2008) where two registers were merged. These observations are con-
sistent for all three cases. It is worth to note that the EBLUE(C) outperforms all other
estimators in general. The figures 1-3 clearly show that EBLUE is the best one. How-

ever, our simulation shows that the relative biases of EBLUE, when As are unknown, are

15



larger than the Lahiri-Larsen estimator and the ratio-type estimator. But the overall relative

RMSE are smaller than other estimators.

[Table 1 here.}
[Table 2 here.}

[Table 3 here.}

3 Sample-register case

In this section, we consider the case where we only observe a sample s of records from the
bench mark data set. Suppose that X is the bench mark data set. When all the records in
X -register are linked to the records inX o-register and Y -register, all of the sample records
s from X-register are perfectly linked with some records in X,-register and Y -register.
However, in reality, some records in the sample s cannot be linked to a record in X -register

or Y -register. We will consider these two cases separately.

3.1 Sample-register case: When sample records are perfectly linked

As before, we will consider three different cases, Case 0, Case 1 and Case 2.

Let us start with Case 2. If all records in the sample s are linked to the records inX,-
register and Y -register, We can assume that the sample s is a part of X -register that is
complete register-register linkage. Hence we can use a weighted estimating function. In this
subsection, we will modify the estimating function approach to accommodate this sample-

register linkage.

When the sample records s from X -register are linked to X o-register and Y -register, we

*

observe a subset s, of M, records from Y,

which we denote by Y'{,. More precisely, let
M, be the population number in the ¢"* m-block, and let m,, be the sample size in the ¢
m-block. We use a subscript of sq to denote quantities that depend on the sample records
in the ¢'» m-block. Similarly, the subscript of rq is used to indicate quantities that depend

on the non-sample records in the ¢"* m-block.

16



Under perfect linkage of the sample data, when there is no linkage error, the true parameter

0y can be estimated by solving the estimating equation
HS<0) = Z GSCI{YSQ - fsq<0>}7
q

where G, is modified by the sample weights w,, that depend on the ratio of the sample
size from the population. When there exist linkage errors and we ignore the errors, the

estimating equation is then of the form
H(0) =) G {Yl, - F,0)}
q

where

Y, =AY

A — Asq _ Assq Asrq
- Arq B Arsq Arrq

is the sample/non-sample decomposition of the complete linkage process in the ¢** m-block.

and

This estimating equation leads to a bias because Ex-(Y,) # f,,. To correct the bias, by
using the fact that
Ex-(Y?},) = Ex+(AyY}) = Ba, £;(0),

q

we modify this estimating equation
HY(0) =Y G {Y:, — Ea,f}(6)}
q
=2 Gu{Yl, — Ea, F1(6) = Ea, f,(6)},
q

— EAsq _ EAssq EAsrq
EAq B ( EATq ) B ( EArsq EATWI ) (10)

is the corresponding sample/non-sample decomposition of the expected value E4, of A,.

where

Now, by the definition of £, , one has

A M, —1 1— 4
E :(L)IS ( Q>1S 17
Assq Mq—l q_'_ M—l q--sq

q

and
1— Ay,

T
Bae = (3,2 1) 1l

q
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so that (9) becomes
, A, M, —1 1—-A
HY(0) = Gu{ Y, — (S ) L f5(0) = (3= ) L 1L £1(0)}.
. q q

Using a weighting approach®, the unknown value 12 qu (@) can be replaced by wZ:] 51(0)
under the assumption that the samples are chosen randomly from the population. This

leads us to the estimating function of the form
Hawcg3 ) = Z GSQ{Y:Q - EAsqfsEq<0>}7 (11)
q

where

- A, M, — 1 1— XAy
Asa M, —1 )T \ag =) et
For the Case 1, formulae are similar, but simpler than those in Case 2. Note that, in this

case, we observe true Y,,. Hence, the estimating function is of the form

HZJdSJQ Z qu { qu sq } )

where o 5o
fsq = qu /6 - ( 5q>» EBlqu15q7 EB?S‘IX;Sq)ﬁ
- A, M, —1 ABy,
iy = (M e (G2 e, and
- g, M, —1 1—-Ap
En = (L)Is (72(’)13 .
Bqu Mq — 1 q _'_ Mq . 1 qwsq

Finally, for the Case 0, it has simplest forms for their formulae since there is only one

mismatch. The estimating function is of the form

H (0

wsl Z GSQ{YSQ sq }’

where

fSEq = XSEQB = (15‘]7 X13q7 EBquX;sq)B and

N g, M, — 1 1— g
E — (L)IS (J) 1, r
Basq Mq 1 q + Mq 1 qwsq

Theorem 6. Let ég* be the solution of the estimating equation (11). Then, under the

assumption that we know true Aa, and Ap,,, an asymptotic variance estimator is of the form
- . L 1—-INT
e (65 [Z G, 00 15(0)] [Z GG (| D Guuba, 00f5(0)] )
q

®In this article, we simply use weight w,, = (f—q)lq.
sq
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where

(()\Aqu — 1)d2 + Mq<1 — )\Aq)Js
M, -1

with D, = diag{d;;i € 5,} ~ Varx-(Yy,) and d,, is the mean of {d;;i € s,}.

S, ~ diag T (1=Aa,) P, (FF =P+ TEO—(FEY] i e sq)

Let 9;* be the solution of the estimating equation for the Case 1. Then, under the assump-

tion that we know true Ap,, and Ap,,, an asymptotic variance estimator is of the form

oD - [Soartier] [estet] (Learen] ).

where

qu) = quISq + VBlsq + VB2sq'

Finally, let éi* be the solution of the estimating equation for the Case 0. Then, an asymp-

totic variance estimator is of the form

e ( [Zquﬁe O] [Zquzsq ar| ([ euanshon] )

where,
(1) — 52 \ %4
Esq == O'Squq Bag,

Note that the above asymptotic variance estimator assumes that the A4,, Ap,, and Ap, are
known. If we need to estimate these probabilities, the asymptotic variance estimator should
have more terms that count the estimations of A4,, Ap,, and Ap,,. To see this, note that,

when A4, and Ap,, are estimated, (11) becomes
Hz;tg?; A(Ov )‘Av )‘Bz) = Z GS(]{Y:q - EAsq (AA)fsEq<07 )‘32)}' (12)

In this case, the asymptotic variance estimator is of the form

Varx-(8) ~ [9,HY, ]~ [VarX* (H, o) + (0r HY, o) Varx (Aa) (03, Ho, )"

adj adj T adj -7’ (13)
+ (aABQ stjs,o)varX*()‘Bg) (aABQ stj?,,o) ] { [89stj370} } J
where » iy 0 o
Higso = H?usj:a,\(eoa)‘ )‘Bz)
Oy fudsjs 0= — Z qu[ (ML — 1sq'w )] fs 4(60, )‘%zq) (14)

8>\32 Hiags,o == Z quEAsq [(Mq - 1)71<Mquq — Lw; )} 2q1%2-

q
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Corollary 7. Let ég** be the solution of the estimating equation (12). Then, an asymptotic

variance estimator is of the form

A Sk 2. ad] )T

ws, Sk ~__adj — ws
V3\X>;‘(0 )= [aestjso] 1[ 3|X*( ) + (8>\1 ws30)va7"X*(>‘A)(aA1 ws3,0

~a A a - T
(6A2 ws3 O) VGTX* ()‘32) (6A2 wdj?) O)T] { [89H10dj3 0] 1} :

Also, Let 9;** be the solution of the estimating equation for the Case 1. Then, an asymptotic

variance estimator is of the form

VIR O)) = [0 ] 7 [V (057) & (00, H ) Vs () (01, H )
A ~q T
(aABQ wsZO) VW"X*()‘Bz)(a)\B2 wdsJQO) }{[aBchgzo] 1} )
where

Hfudg2 0 = H?uds2(007 >‘B17 )‘32)7
VarX* <)\qu> = (qul>_1)\qu<1 - )\qu)7
O Hislog = = 3 Gg| (Mg = 1) (M Ty — 1) X, 1.
q

Further, let éi** be the solution of the estimating equation for the Case 0. Then, an asymp-
totic variance estimator is of the form

A Sk

ws Frodi - ws
V1|X):‘<0 )= [aGstjl,O] 1[ ix-(67 )

 adi . . adi adi 1T
+(3A32dej1,o) VWX*(ABQ)@A@HQUZ@)T]{[aedeil,o} 1} :

3.2 Sample-register case: When sample records are not perfectly
linked

When some records are not linked, A, or By, cannot be a permutation matrix, because the
entries of some rows are all zero due to non-linkage. However, we can still use similar ideas

introduced in the previous subsection.

Firstly, we consider the Case 2. Let X4, be the set of the sample records from X,. Also
let X154 be the set of sample records in X4, that are linked both to Xs-register and to
Y -register. Further, let X5, = X15 — X1s4- Then it represents the set of sampled
records in X4, that cannot be linked either to Xo-register or to Y -register. Also, let

X1,q = X14 — X144, the set of non-sample records in X;,. We assume that, theoretically,
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there exists X, that represents the set of non-sample records that can be linked both to

Xo-register and Y -register. Similarly, X 1,,, := X 1,4

- Xlrlq-

Similarly, under the one to one linkage assumption, Y, can be partitioned into four groups,

namely Y73, Y7, Y, and Y7 . Thus, one has
:lq Aslsl,q Aslsu,q Aslrl,q Aslru,q Yslq
Y — Y:uq _ Asusl,q Asusu,q Asurl,q Asuru,q Ysuq —AY
1 :lq Arlsl,q Arlsu,q Arlrl,q Arlru,q leq i~ v
Y:uq Arusl,q Arusu,q Arurl,q Aruru,q Yruq
and
Eslsl,Aq Eslsu,Aq Eslrl,Aq Eslru,Aq
E(A ‘X*) _ EA _ Esusl,Aq Esusu,Aq Esurl,Aq Esuru,Aq
I 7 ! Erlsl,Aq Erlsu,Aq Erlrl,Aq Erlru,Aq
Erusl JAg Erusu JAg Erurl JAg Eruru,Aq
Further, because X35, also can be partitioned into X3, X5, X3, and X5, o
has
Eslsl,qu Eslsu,ng Eslrl,qu Eslru,ng
E(BQ |X*) — EB — Esusl,ng Esusu,ng Esurl,ng Esuru,ng
1 a 2 Erlsl,ng Erlsu,ng Erlrl,ng Erlru,ng
Erusl,ng Erusu,ng Erurl,ng Eruru,ng
This leads to the estimating equation of the form
dj
HZ J Z GSlf]{Yslq slq <0>}
- Z Gslq{Yslq slsl,Aq fslq(e) - Eslsu,Aqfiq(e)
q
- Eslrl,Aq fﬁq(e) - Eslru,Aq .ffuq(e)}
Under the exchangeable linkage error model, one has
-)\Aq Mq —1 1-— )\
Easia, = ﬁ] I, + [ﬁ} 1slq151q>
q
-1 — )\A -
Eslsu,Aq - M _f 1slq1§uq7
L Mg J
-1 — )\A -
Eslrl,Aq = M _f 1slq1rlq7
L Mg J
-1 — )\A -
Eslru,Aq = M _f 1slq1?uq
L Mg J
It leads (15) to the form of
M, -1 1—=A
dj E Aq T
H(sl ] Z GSlq{Yslq [7_1} ISquslq<0) - |:M 1] 1slq1 f }

21
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If we assume that the distribution of Y7, is the same as that of Y in the population,
the observable population value 1?; ff (0) can be replaced by weighted sample estimate by

wl, gq(ﬁ)g so that one has

Z}CZ Z GSZQ{Y Agig slq(e)}a

where
~ A, My —1 1— Ay,
EAslq - [ Mq i 1 ]ISlq + |: — ] 18lqu ’

For fslq(ﬁ), note that by (2)

f5q<¢9) = (1Slq7 X131q7 EBSZ,QqX;q)(/BO7 A1, BQ)Tv

where

* * * * *
EB X2q = Eslsl,ngXQSIq + Eslsu,ngXQSuq + Eslrl,ngXgrlq + Eslru,ngXgruq-

sl,2q

The exchangeable linkage error model provides that

Eqa,B,, = :%] slg + [%} Lg%,
Esisu,Byy = _%: Lag1l,,,
Esir1,8,, = % Log1h,
Esiru,B,y = IM%)LE;? I K

If we also assume that the distribution of X5, is the same as that of X3, in the population,

2slq
then Ep,, X5, can be replaced by Ele,qu2slq where
Ap,, My — 1 1—Ag, T
Ep,,, = [ﬁ] Iq,+ [W_f} 1wy,

Then, fslq( ) can be evaluated by

f5q<9) = (131q7X15lq7Ele 2q 2slq)(60761 ﬁ2) :

ﬁ)lsl , where my;, is the number of linked sample records, while M, is the total
Talg q q q

population number in ¢**m-block.

IWe will use wgy = (
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Suppose that we know A4, and Ap,,, and let 6 be the solution of the estimating equation.

To derive the asymptotic variance estimator for 6, note that (47) becomes now

wsl wsl

Vary(0) ~ [, H2(00)] " Var- [H2%(00)] ([0, H2500) )
with corresponding estimator of the form
Vi (6) = [0 00)] Vi [F20 600)] ([0 60)] )
~ [Z GslqEASlq89f5q<é)] ) [Z Gslqisquzq] <[Z GslqEASlanfslq<é)] _1)T,
q q

under the assumption that Gy, is independent of 6. By the similar arguments in (48)-
(49),
Ysq = Varx-(Yg,)
~ Varx«(Agsi,gY sig) + Varx(AsisugY sug) + Varx-(AsrigY rig) + Varx(Asiru,gY ruq)
that can be approximated by

(()\Aqu — l)dZ + Mq(l — AAQ)Jslq
M,—1

(= A P, (FF = PR+ Fi = ()i € (L ma} ).

i]slq ~ diag

If we need to estimate Ay, and Ap, , we still can use the asymptotic variance estimator
defined by (13)-(14), except that the subscripts sp and ws need to be replaced by slp and

wsl. That is, the asymptotic variance estimator is of the form

) (8>\1 H;!

VarX( ) ~ [89Hadj ]71[Varx (Had] wsl o)varX*(j\A)@)\lesjl O)T

wsl,0 wsl,0
adj \T adj 1-1 T
+ (6A2 wsl O)VarX* ()\32) (6A2 stl 0) i| { [aestl 0] } :

Using the above arguments, it is clear that, to deal with Case 0 and Case 1 in this case,
we can use the formulae in the previous subsection by replacing sp and ws with slp and

wsl.

3.3 Simulation

We use simulation to compare the performances of different estimators we considered in this
study for the sample to register linkage case. The linear model we used in this simulation is

the same as before,

Y:1+5X1+8X2+€
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Most of assumptions and scenarios we made for the register to register case are the same
except that we use the sample here instead of whole population. In this simulation, we
considered the case of complete linkage and incomplete linkage separately. For the case of
complete linkage, we assume that the sample records s from the bench mark data sets are
linked to the records in other registers. The extra assumption we made in this simulation is
that the population size of all registers the same and each m-block has 2000 records, and 500
samples are chosen randomly for each m-block. Further, in case of incomplete linkage, we
assume that, among 2000 records, half of them cannot be linked. In this incomplete linkage
case, we chose 1000 samples. The reason is that because half of them cannot be linked,
we might have around 500 samples that are linked to other registers. This assumption will
provide another consistent comparisons of the same estimators between the complete linkage
case and incomplete linkage case. The results for the complete linkage case can be found in

the Table 4-Table 6, while the results for the incomplete case are in Table 7-Table 9

The result shows very similar pattern in the register to register case. Clearly, while the
ratio-type estimator, the Lahiri-Larsen estimator and the EBLUE correct the bias due to
linkage errors, the EBLUE outperforms all other estimators. Here are the results for the

complete linkage case:

[Table 4 here.}
[Table 5 here.}

[Table 6 here. |

Here are the results for the incomplete linkage case:
[Table 7 here.}

[Table 8 here.}

[Table 9 here. |

The results for the sample-register cases are very similar to the register-register cases as
long as the sample sizes are similar. One thing to note is that the coverage rates are all
higher than 95%. This is not the case when the number of merged data sets are two. One
possible explanation is that the variance terms in these cases are more complicated and, as
the number of merged data sets increase, the variances increase as well so that the confidence

intervals are becoming wider.
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4 Conclusion and further research direction

In this paper we extend the linkage error adjusting technique in regression analysis developed
in Chambers (2008) to accommodated the situation where the number of merged data sets
are more than two. We developed a ration-type estimator for the regression analysis and
then it has been extended to more general adjusted estimating function approach. These
methods can deal with the case where all the data sets are registers, as well as the case where
the bench mark data sets are sample and the others are registers. Even though it hasn’t
been dealt here, it is easy to see that these methods can naturally accommodate the case
where all the data sets are sample. These methods also extended to deal with the situation
where some of sample data are failed to be linked to other registers. However, all of these
bias correction methods have to pay the price of large variance. Furthermore, in the case
of sample-registers case with non-linkage situation, the number of linked sample data, if the
the number of merged data sets are increasing, will be decreasing. Thus, we expect some
sort of loss of information by merging more data sets. We expect to overcome this limitation

by adapting other approaches.

Another limitation of these methods is that we assume that the linkage errors among the
data sets occurs randomly. However, there might be some correlation among the linkage
errors. To deal with this situation, our model should include more complicated covariance

measures in the formulae and it will be dealt in our next research paper.

A Proofs of the Propositions and Theorems

A.1 Proof of Proposition 1

For the variance of the estimator, note that

Varx+(8z) = Dy 'Varx+(8") (D7),

where
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Further, one has
Varx(Y,) = Ex- | Varx (Y| By,)| + Varx: [Ex (Y| By,) .
Note that, by (1),
Ex-(Y|By,) = X8
Thus,
2
Vis,, = Varx: | Ex(Y o[ By,)| = Exc | X228~ XEg]
2

— By [BQTQ X5, — EBQqX’gqﬁQ] .

Denote that
f*BQq - X;qﬁQ'

Then, by (16) from Chambers (2008),

Vi, = diag [(1 — X ) { A, (fy o = T )+ T — <f§2q>2}], (16)

where f*ng = ( fgw) and ngq, f;(jz) are the averages of f;;,w and their squares respectively

in fj‘BQq. Furthermore, one has
Varx+(Y 4| Bs,) = Ex+(Y, — XqB?ﬂ)2 = Ex-(¢,)* = ggjq_
Therefore, one has
Varx-(Y,) = 0.1, + Vg, (17)

which implies that

Varx- (Br) = [ S (x)7x2] [ (020, + Ve, ) X3 [ xTxE] L as)

q q q

To evaluate Varx+(8z), Then, one has

¥, O, £ = [V, £) = £)] (Vo= 1) - (FF - £,)]

=Y, f) (Y.~ f,) (19)
~ (Yo f)(f = F) = (F) = )" (Y~ f,) (20)
+(fg — £ (F] — 1)) (21)
Note that, by the definition,
Z(Yq - fq)T<Yq - fq) = N&Z- (22)

q
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Further,
Ex-|(Yy = £)7 (£ = £+ (F] = £)7 (Y= )] = 0 (23)

because Y, — f, = €, and cov(ey, X4) = 0. Moreover, one has
Ex-|(FE = £ (FE = £.)] = Bx: [(FD)(F5 = Yo) + (FD)' (Y, - f,)

) F = Yo) + ()Y~ £7)] (24)
=0

because Ex- (Y, — qu) = 0. Thus, by (19)-(24),
F=NTY (Y~ F) (Y £ (25)

Consequently, Varx+(8y) can be evaluated by using (25), (16) and (18).

A.2 Proof of Proposition 2

For the variance of the estimator, one has

Ak

Varx-(Bg) = Dy ' Varx-(8")(D;")",

where

Varx+(8") = [Z(X;)TX;]_l [Z(X;)Tvarx*(yq)xﬂ [Z(X;)TX;]_l.

q q q

Note that one has
Varx:(Y,) = Ex-|Varx-(Y | By, Ba,)| + Varx: | Exc (Y| By, Bs,)|.

Then, by the assumption that the mismatches found in X7, are not correlated with the

mismatches found in X35,

2
Vp, = Varx- [EX*(Yq|qu, ng)] — Ex- [Xf? B— X~ [3}
2
= Ex- |(BLX1,60 = Bp, X1,01) + (BL, X3, — By, X5,5)

2 2
— Eye [Bg; X5 — EquX’;qﬁl} t Fxe [ng X3, 8, — EBqugqﬁQ]
- Vqu + VBQq?

(26)
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where Vp,, is defined in (16) and Vg, also can be defined similarly. Then, by the similar
arguments to (17)-(25), one has

Varx- () = [ o6 xE] [ So e (i, + v ) x| [ x x|

q q q

where 62 can be evaluated by (25).

A.3 Proof of Proposition 3

To derive the variance of B, note that

Ak

Var x (BR) = D;'Varx- (8 )(Dgl)Tv

where

Varx (8) = [ x0T x;] [ S Vanse (v x3 ] [ S xp7 x|

q q q

Hence, we need to calculate Varx-(Y7) first in order to derive the variance of Jé; r- Note
that
Varx-(Y,) # Varx (Y ).

To see this, one has
Varx- (V) = Ex- VarX*(Y;|Aq)] + Varx- [EX*(YZ|Aq)]. (27)
Then, by (2) and (3)
Ex-(Yi|A,) = A Ex-(Y,) = A XPB = A Y.

Note that f, is not observable, because it is the expectation of Y, that is also not observable,
under completely correct linkage. f7 is observable ,but it contains incorrect linkage between
X4 and X5, _ff is a adjusted version of f to eliminate the bias due to incorrect linkage

between X, and X5, . Also let V4, = Varx- [EX*(Y:;|Aq)] Then, one has'

Vi, = VarX*(Aqff).

190ne way to estimate V 4, is using (16) from Chambers (2008). Then,
V4, = diag [(1 —Aa,){Ma, (fE — FE)? + FE® — (ff)Q}}, (28)

where qu = f(fi) and ff , _qE ) are the averages of f(fi and their squares respectively in qu .

28



Further,
Varx*(YZ|Aq) = Varx+(A4,Y,) = AanrX*(Yq)AqT

= A, (EX* [Varx* (Yq|32q)} ) AT + A, <Varx* [Ex* (YqIqu)} ) AT

because one has
Varx-(Y,) = Ex | Varx (Y| By,)| + Varx: [ Ex: (Y| By,)|.

Note that, by (1),
Ex-(Y|By,) = XB.

Thus,
2
Varx: | Ex-(Y | By,)| = Ex-| X8 - X£B]

2
— Ex- [Bqu X5, — EBQQX’gqﬁQ} .
Denote that
f*BQq - XSqﬁQ'

Also, let
Cp,, = AgB3

which is another permutation matrix, and let
T
Ecy, = Ex<(A¢B,).

Further, let
Ve, = AVarxe | Ex- (Y 4| Ba,)| A7

Then, one has'!
Ve, = Bx | Coyf i, (Fi, ) CL| = Eos, Fi, (P2, ) EE,,.
Furthermore, one has

Varx- (Y| By,) = Ex-(Y, — X°B)° = Ex- (&) = 0,1,

HBy (16) from Chambers (2008),

Ve, = diag [(1 = Aca, ) {Ac, (Fh,,.i = Fi,, )2 + Fi) = (F5,,)%} .

(29)

(30)

(32)

where szq =( IB, ;) and f§2 , f;(f) are the averages of f5 ; and their squares respectively in f*qu.
q’ q q q’
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Hence,

Ay(Ex [Varxe (Y| By,)| ) AT = A2 1,AT = 024,47 = 021, (33)
Thus, by (29), (30), (32) and (33)
Ex- [Varx*(Y:;\Aq)} — Ex- [AanrX* (V) AT ]
= Ex-{ol,+ Vo, } (34)
= O'qu + VCzq-

Then, by (27), (32) and (34),
Varx+(Y}) =0.d,+ Ve, +Va, =30 (35)
Consequently, one has

Varx-(8) = [ 3(X;)7X;] - DX (02, + Ve, + Va, ) X3 | (X)X -

q q q

and
Vr = Varx- (BR)
—~1 -1
— [Z(XZ)TEAquE} [Z(XZ)T<a§Iq + Ve, + VACI)X;} [Z(XZ)TEAquE} .
q q q
To define V , the estimator of Vi, let

Ak A
f32q = X;qﬁ2

and
~E N

fo=XB,
where 3, and B are the estimates of 3 and 3 respectively. Then, \% 4, and Vc2q can be
estimated by replacing f qE and fj‘BQq, in V4, and Vg, , with }’qE and JAC*ng respectively.
Now, to estimate o2, one has

(Y5 = £ Y= £ = (Y)Y = (V)T £ = (F)TY o+ (F) £]
=Y A4 AY Y f, - Yo+ 5T,
Y, fo+ £ Y~ fo

(Y = (FD)Y - (F) L
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where

Bx- Y (YIATAY ~ Y[ F,— F1Y,+ £1f,) = Ex- Y |(Y,= £/ (¥, — £,)] = No®

(37)

Also, one has
Ex- (quYq - f:}qu) = Ex- (qu[Yq - fq]) = Ex- (fgeq) =0. (38)
Further,
YIf, — (V) 18— (PO 5+ (P8 = YIf, — (V) 17— (FD)Y 5+ (FD) £2
~Y Y (P F S~ D+ (DY
= [YIFE— (V) £ + [(FE)TFE - (£5)7Y ) (39)
+ Yy = (F) N+ [(F)T =Y I+ (FD[F,— 5] (40)
Then it is easy to see that the expectation of (40) is zero. Also,
Ex-([YTFE = (V) FE] + [(FEV FE = (FEYY)) = 28DV (1, — Ba)FE (41)
Therefore,by (36)—(41),
ot = N (S — £ - £ =2 Y (D) (L - Ba]£F).

q
A.4 Proof of Theorem 4

Let 9? be the solution of (6). Then, the asymptotic variance of 9? is of the form
ok _ _\T
Varx-(8)) ~ [0, H{(60)] ' Varx-[H(60)] ([0,H(60)] ') .

Note that, in general G,(8) is a function of both € and X, but, in our case, we only consider

the case where G is a function of X. Thus,
O H'(0) = Y Gy0s 7 (0).
q

Further, by (17), one has
Vary. [H;(0)] =Y G,Vary.(Y,)G]
q

=Y G|, + Vi, |G
q

=> GI'GY.
q
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Therefore, the asymptotic variance estimator is of the form

Vi @) = [Zeansien] [Lesiar]((Saare] )

Let us consider the Case 1 where Y is the bench mark data set and the linkages between
Y and X, and the linkages between Y and X, are done with some errors. In this case, we

have similar estimating function
=) G(0){Y,— f7(0)},
q

but, by (4), £;°(8) = X;°B = (14, Ep,, X

estimator of the form
Vox- (6 [ZG o fE2(03)] [ZG e ([Zaqagqu?(éZ)]_l)T,
q

where, by (26), 222 =020, + Vqu + Vqu-

1¢» EB,, X 5,)B. This leads the asymptotic variance

Finally, the asymptotic variance of 9; is of the form
N * -1 * * -\
Varx-(8;) ~ [0y H3(80)] V- [H3(80)] ([00H3(60)] ') (42)

where,

00 H3(0) =Y G.E1,00fL(0). (43)
q
Further, by (35), one has

Vary- [H5(0)] = Z G Varx-(Y)GT
=Y G|, + Ve, + V4, |G
q

=> GGl

Therefore, the asymptotic variance estimator is of the form
) r 1-INT
Vix-(0 [ZG Ea0fE05)] [ZG 5061 ([0 GeEa,0uf 2085 )
q

as required.
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A.5 Proof of the Theorem 5

A kok

Let A\; = A4 and Ay = Ap,. Then the variance of 8; can be approximated by
A Kk — o o —_ T
Varx(63) ~ [00H}] ™ Varxe [ Hy + 0, Hi(Aa = M) + 5, Hy (s, = M) | { [00H] 7'}
— [0 ] [Varx- (H;) + (95, H) Varx (Aa) (05, H;)

+ (00, Hy) Varx- (05, (00, H3) | { [00HT;) 1}T.
(44)

To derive Oy, H,, we assume that the distribution of )\; is independent!? of the distribution

of Hj. Then, by the similar arguments in Chambers (2008),

O Hy =0y, Z G {Y; - EAq()‘Aq)ff(e’ Abay) }
= =3 G| Ea, 0| 70, 15,.) (45)
= - Z G, [(Mq — 1) (M, - 1qlg)] ffw’ ABy,)

and
8A2H8 = 8& Z Gq{Y; - EAq()\Aq)qu(ea ABQq)}

= - Z GqEAq (AAq> :aA?f(?(e’ )\BQQ)]

= =3 GyEa, () |00 (B0 + X 1o + Fpy, X3,0)] (46)

==Y G.Es,(M\a,) :6&2 (Epy,) X Sqﬁz}

= = 3Gy, (M, = ) (M~ 1,10)] X5,
q

Therefore, the variance Varx«(63) can be evaluated by substituting the estimated values of

(43), (45) and (46) into (44).

For the Case 1 where Y is the bench mark data set and the linkages between Y and X,

and the linkages between Y and X, are done with some errors, the variance of Varx- (9;) is

12This assumption was originally introduced in Chambers (2008).
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of the form

T

VarX* (é;) ~ [&gHS]—lVarX* |:H8 + 8,\BIH3(5\BI — )\Bl) + a)\B2H8<5\BQ — )\32)} { [891-13] —1}

= [(%Harl [Varx* (Hj) + (s, HS)VarX*()\Bl)(a,\Bl H;)T
T

+ (D, H) Varx- (As, ) (Or, H;;)T] { [0y H] ‘1} ,

where,
A,, = pr(correct linkage between Y and X7, ),

H; = H3(00, \p,, A\,)-
Further, it is easy to see that
Ohs Hy = -3 G, [(Mq ~ )Y (M,I, — 1q1qT)]X’;q51
q

and

On H = = > G| (M, = )7 (M, = 1,1])| X5,
q

Finally, for the Case 0, one has

Ak -1 S -1 T

Varx (67) ~ [0 H}]~ Varx: [Hj + 0y, Hi(As, — As,) | { [0H5) ™}
_ T
= [0 H] ™ [Varx- (H;) + (9, H) Varxe (As,) (01, H) | { [00H) '}

where,
AB,, = pr(correct linkage between X, and X3, ),

Hj = H{(60, As,)
with
Ony i = = > G| (M, = )7 (M, I, = 1,1])| X5,

q

A.6 Proof of the Theorem 6

Let 92* be the solution of the estimating equation (11). To derive the asymptotic variance

estimator for ég*, note that by (42),

T

Varx-(83) ~ [0y H2S (60)] Varx- [H2S (60)] ([0, H 22 (05)] ) (47)
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with corresponding estimator of the form

5 (03) = [0 (00) Vi [ (00)] ([0 (00)] )

[Z GuEr,00f aql ] [Z G2 qGZ:;} <[Z quEAsqaefsq( 8*)} 1>T>

under the assumption that Gy, is independent of 6. Next step is to define Y . Note

that
Ysq = Varx-(Y7,)

= Vary-(AssgY sy + AsrgY vg) (48)
= Varx:(AssqY sq) + 2c0Vx+ (AssqY sqy AsrgY rq) + Varxs (AgqY 1q).
Further, by (30) and with similar arguments in (31)-(34), one has
Vary-(Y,) = Ex- [Varx*(Yq|ng)} + Varx- [EX*(Yq|BQQ)]
=0 I,+ Vg,
where
Vs, = Varx: | Ex-(Y,|By,)|

that can be approximated with a diagonal matrix'® by the same argument in (16) from
Chambers (2008). Thus, Varx«(Y,) can be approximately regarded as a diagonal matrix
and set Varx«(Y,) ~ D, = diag{d;;i € ¢}. In this case, one has

covVx+ (AssqY sqs AsrqY vg) = 0.

Also, (48) becomes
Ysq & Varx«(AssY sq) + Varys (Ag Y 1)
= Bx- |Varx- (AusgY sl Ag)| + Varxe | Exc(Assg Y|4 |
+ Bxe [ Vatxe (Aurg¥ gl Ag) | 4+ Varxe | Exe (Aurg¥ ra|A,)]
= Ex~ (AssanrX*(Y )Afsq) + Ex- (AsquarX*(Y )AsTrq)

+ Varx- (Assqfi + Asrqffq)

~ Eye ( Ayy Dy AT, q) t By (ASWD Af{rq) 4 Varx- (Assq fE+ Asrqffq)

13By (16) from Chambers (2008),
Vi, % diag [(1 = Aso, ){Aza, (F,, 0 — T )2 + T = (P, )}

where fEZQ = ( fg%,i) and f_’gzq, f;(j;) are the averages of fEQ(I,i and their squares respectively in fj‘gzq.
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where Dy, = diag{d;;i € s,} = Varx«(Yy,) and D,, = diag{d;;i € r,} ~ Varx+(Y,,). Let
dsq be the mean of {d;;i € s,}. This approximation approach and the same arguments in
(66)-(68) from Chambers (2008) lead to the estimate

3 (A, My — 1)d; + My(1 = Na,)ds ~ ~ - ,
Vg R d1ag( z A 1q Lt (1=a,) [Ma, (FE=FEV 4+ FEO —(FEV?]5i € 5q>
q

(49)

under the assumption that we know fgz However, since we only have sample records s,

we do not have By,. We only have By, theoretically. Then by the similar arguments in

(10)-(11), we can estimate fgl using

- A, M, — 1 1—XAp
E — (L)IS (72‘1)18 T
Basq Mq_ 1 q+ Mq -1 qwsq

The proofs for the Case 1 and the Case 0 are trivial.

A.7 Proof of the Corollary 7

Let é; be the solution of the estimating equation. When we need to estimate A, and Ag,,,

an asymptotic variance estimator is of the form
. R : : . o
Varx-(6,) ~ [aGHfudgz,o] [Varx* (H?ucgzo) + (aAlH?udgzo)VarX* (ABl)(a)\ngUngO)

. . . o NT
+ (8A2HSUC?2,0)V3TX*(ABz)(a/\QHfudgz,o)T}{[aGHfucijz,o] 1} )

where » y
aay _ aaj 0 0
stQ,O - Hw82<007 )\Bﬂ )\32)7
8)\1 = a)\Bla
8)\2 == a)\B27

Varx* ()\qu) = (mBl)—lAqu(l — )\qu),

q

VarX* (Aqu) = (méﬁ)il)\qu(l - )\qu)a
aAngu(ijz,O - Z Gy [(Mq - 1)_1(Mq18q - 18q'wzq)] Xiqﬁl and
q

aAQHﬁJQ,O = = Z qu [(Mq - 1>71(Mquq - 1sqwz;)] X;qﬁ2'
q

Finally, for the Case 0, it has simplest forms for their formulae since there is only one

mismatch. The estimating function is of the form

H0(0) =Y Gu{Y. — F50)},
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where E E [
fsq = quﬁ = (13q7 Xlsqv EB2qu55q)ﬁ and

~ A, M, —1 1— g
By, = (7% d )Is (72‘1)15 T
Basq Mq -1 q + Mq -1 qwsq

Let éj be the solution of the estimating equation. When we need to estimate Ap,, , the

asymptotic variance estimator is of the form
~ wdi 11 i
Varx-(6)) ~ [0, H, o)~ [ Varxe (HiS, )
adj N adj T adj -NnT
+ (a/\szgl,o)varX*O‘Bz)(8>\2st]1,0) ]{[89stjl70} } ;

where y y .
aaj _ aaj
H 50 = H 31 (00, Mg, ),

Dry = Dry, -
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Tables

Table 1: Simulation results linear regression for register to register of the Case 0: in terms of
relative bias, RMSE and the actual coverage percentage for nomial 95% confidence intervals

Estimator Relative Bias Relative RMSE Coverage
A known ‘ A unknown | A known ‘ A unknown | A known ‘ A unknown
Simulation results for the intercept estimator
ST 186.38 186.38 188.51 188.51 0 0
R -0.76 -2.37 31.11 69.23 99.3 99.8
A -0.68 3.35 28.69 61.54 99.6 99.8
C 0.45 12.94 14.39 38.63 100 100
Simulation results for the first slope estimator
ST -0.16 -0.16 9.04 9.04 94.1 94.1
R -0.14 -0.14 8.94 8.96 98.6 100
A -0.14 -0.14 8.94 8.96 98.6 100
C -0.12 -0.13 5.78 6.05 100 100
Simulation results for the second slope estimator
ST -11.64 -11.64 33.28 33.28 0 0
R 0.05 0.15 5.48 12.20 97.5 100
A 0.05 -0.21 5.05 10.84 98.2 100
C -0.03 -0.81 2.34 6.72 100 100
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Table 2: Simulation results linear regression for register to register of the Case 1: in terms of
relative bias, RMSE and the actual coverage percentage for nomial 95% confidence intervals

Estimator Relative Bias Relative RMSE Coverage
A known ‘ A unknown | A known ‘ A unknown | A known ‘ A unknown
Simulation results for the intercept estimator
ST 187.22 187.22 189.39 189.39 0 0
R 0.08 1.28 31.18 71.19 99.4 100
A 0.10 7.03 28.83 63.82 99.8 100
C 1.12 15.33 14.53 40.35 100 100
Simulation results for the first slope estimator
ST -9.90 -9.90 24.05 24.05 32.4 32.4
R 0.10 0.34 10.37 13.11 99.1 100
A 0.08 -0.01 9.49 11.56 99.6 100
C 0.03 -0.14 5.70 7.39 100 100
Simulation results for the second slope estimator
ST -11.69 -11.69 33.44 33.44 0 0
R 0.00 -0.07 5.49 12.55 97.2 100
A 0.00 -0.43 5.07 11.25 98.0 100
C -0.07 -0.95 241 7.08 100 100
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Table 3: Simulation results linear regression for register to register of the Case 2: in terms of
relative bias, RMSE and the actual coverage percentage for nomial 95% confidence intervals

Estimator Relative Bias Relative RMSE Coverage
A known ‘ A unknown | A known ‘ A unknown | A known ‘ A unknown
Simulation results for the intercept estimator
ST 314.13 314.13 315.87 315.87 0 0
R -1.09 0.06 38.52 82.16 99.9 100
A -0.96 7.40 31.43 66.91 99.9 100
C 0.52 10.94 11.43 31.53 100 100
Simulation results for the first slope estimator
ST -10.17 -10.17 25.70 25.70 46.9 46.9
R -0.20 -0.19 12.87 14.76 99.6 100
A -0.18 -0.45 11.65 13.22 99.7 100
C -0.12 -0.65 5.42 6.83 100 100
Simulation results for the second slope estimator
ST -19.66 -19.66 55.89 55.89 0 0
R 0.07 0.00 6.80 14.57 98.5 100
A 0.06 -0.46 5.54 11.86 99.4 100
C -0.04 -0.69 1.81 5.52 100 100
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Table 4: Simulation results linear regression for sample to register of the Case 0 wtih
complete linkage: in terms of relative bias, RMSE and the actual coverage percentage for
nomial 95% confidence intervals

Estimator Relative Bias Relative RMSE Coverage
A known ‘ A unknown | A known ‘ A unknown | A known ‘ A unknown
Simulation results for the intercept estimator
ST 184.71 184.71 187.36 187.36 0 0
R -2.03 -7.02 34.24 71.10 98.5 99.9
A -1.85 -0.47 32.30 63.24 99.3 99.9
C 0.09 11.81 17.27 40.35 100 100
Simulation results for the first slope estimator
ST -0.25 -0.25 8.48 8.48 95.6 95.6
R -0.26 -0.29 8.30 8.35 99.7 100
A -0.26 -0.29 8.30 8.34 99.7 100
C -0.17 -0.23 5.41 5.74 100 100
Simulation results for the second slope estimator
ST -11.56 -11.56 33.04 33.04 0 0
R 0.12 0.43 5.30 12.28 97.2 100
A 0.11 0.02 4.90 10.85 97.9 100
C -0.01 -0.75 2.24 6.91 100 100
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Table 5: Simulation results linear regression for sample to register of the Case 1 wtih
complete linkage: in terms of relative bias, RMSE and the actual coverage percentage for
nomial 95% confidence intervals

Estimator Relative Bias Relative RMSE Coverage
A known ‘ A unknown | A known ‘ A unknown | A known ‘ A unknown
Simulation results for the intercept estimator
ST 187.83 187.83 190.87 190.87 0 0
R 1.45 2.22 36.44 72.40 98.5 100
A 1.41 7.81 34.32 65.79 99.4 100
C 1.34 15.59 18.43 42.39 100 100
Simulation results for the first slope estimator
ST -10.07 -10.07 24.34 24.34 29.4 29.4
R -0.11 0.03 9.99 13.17 99.0 100
A -0.10 -0.29 9.18 11.57 99.6 100
C -0.09 -0.35 5.60 7.43 100 100
Simulation results for the second slope estimator
ST -11.69 -11.69 33.43 33.43 0 0
R -0.06 -0.11 5.50 12.36 97.1 100
A -0.06 -0.45 5.07 11.17 98.4 100
C -0.06 -0.95 2.36 7.15 100 100
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Table 6: Simulation results linear regression for sample to register of the Case 2 wtih
complete linkage: in terms of relative bias, RMSE and the actual coverage percentage for
nomial 95% confidence intervals

Estimator Relative Bias Relative RMSE Coverage
A known ‘ A unknown | A known ‘ A unknown | A known ‘ A unknown
Simulation results for the intercept estimator
ST 316.83 316.83 319.38 319.38 0 0
R 0.37 -5.17 46.61 89.02 98.8 100
A 0.44 4.46 40.35 72.36 99.5 100
C 1.08 10.12 15.69 32.56 100 100
Simulation results for the first slope estimator
ST -10.09 -10.09 25.36 25.36 47.4 47.4
R -0.11 -0.02 12.36 14.55 99.1 100
A -0.12 -0.33 11.16 12.86 99.5 100
C -0.08 -0.60 5.07 6.27 100 100
Simulation results for the second slope estimator
ST -19.71 -19.71 56.06 56.06 0 0
R 0.06 0.41 7.21 15.23 98.3 100
A 0.05 -0.20 5.90 12.08 99.0 100
C -0.03 -0.60 1.92 5.21 100 100
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Table 7: Simulation results linear regression for sample to register of the Case 0 with
incomplete linkage: in terms of relative bias, RMSE and the actual coverage percentage for
nomial 95% confidence intervals

Estimator Relative Bias Relative RMSE Coverage
A known ‘ A unknown | A known ‘ A unknown | A known ‘ A unknown
Simulation results for the intercept estimator
ST 186.61 186.61 189.33 189.33 0 0
R 0.54 -5.33 34.41 74.38 99.1 100
A 0.56 1.17 32.44 66.57 99.3 100
C 1.07 12.40 16.93 40.94 100 100
Simulation results for the first slope estimator
ST 0.11 0.11 8.52 8.52 95.6 95.6
R 0.08 0.08 8.49 8.57 99.3 100
A 0.07 0.08 8.48 8.57 99.3 100
C 0.05 0.08 5.56 5.91 100 100
Simulation results for the second slope estimator
ST -11.66 -11.66 33.33 33.33 0 0
R -0.03 0.34 5.41 12.72 97.8 100
A -0.03 -0.07 5.00 11.29 98.7 100
C -0.07 -0.78 2.32 6.89 100 100
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Table 8: Simulation results linear regression for sample to register of the Case 1 with
incomplete linkage: in terms of relative bias, RMSE and the actual coverage percentage for
nomial 95% confidence intervals

Estimator Relative Bias Relative RMSE Coverage
A known ‘ A unknown | A known ‘ A unknown | A known ‘ A unknown
Simulation results for the intercept estimator
ST 187.31 187.31 190.18 190.18 0 0
R 0.77 -1.61 35.55 75.43 94.0 100
A 0.83 4.32 33.48 68.18 95.4 100
C 0.26 1.45 6.08 10.13 75.5 100
Simulation results for the first slope estimator
ST -10.15 -10.15 24.68 24.68 30.3 30.3
R -0.19 0.05 10.67 13.55 91.6 100
A -0.19 -0.30 9.82 12.11 94.6 100
C 0.00 -0.01 2.00 2.08 73.3 100
Simulation results for the second slope estimator
ST -11.69 -11.69 33.43 33.43 0 0
R -0.02 0.13 5.54 13.01 92.0 100
A -0.03 -0.24 5.11 11.71 93.9 100
C 0.00 -0.08 0.79 1.63 75.7 100
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Table 9: Simulation results linear regression for sample to register of the Case 2 with
incomplete linkage: in terms of relative bias, RMSE and the actual coverage percentage for
nomial 95% confidence intervals

Estimator Relative Bias Relative RMSE Coverage
A known ‘ A unknown | A known ‘ A unknown | A known ‘ A unknown
Simulation results for the intercept estimator
ST 318.07 318.07 320.64 320.64 0 0
R 291 -4.31 46.65 88.60 98.8 100
A 2.79 5.78 40.63 72.89 99.0 100
C 1.90 11.11 15.98 33.80 100 100
Simulation results for the first slope estimator
ST -10.25 -10.25 25.87 25.87 46.1 46.1
R -0.29 0.10 12.84 15.17 99.4 100
A -0.28 -0.25 11.61 13.38 99.7 100
C -0.17 -0.62 5.37 6.47 100 100
Simulation results for the second slope estimator
ST -19.79 -19.79 56.30 56.30 0 0
R -0.06 0.39 7.19 15.16 98.2 100
A -0.05 -0.24 5.91 12.24 99.2 100
C -0.05 -0.63 1.94 5.60 100 100
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Figure 1: Simulated percentage relative errors for intercept and slope coefficients in linear
regression under random linkage errors: Register - Register of the Case 0.
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linkage.
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Figure 6: Simulated percentage relative errors for intercept and slope coefficients in linear
regression under random linkage errors: Sample - Register of the Case 2 with complete
linkage.
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Figure 7: Simulated percentage relative errors for intercept and slope coefficients in linear
regression under random linkage errors: Sample - Register of the Case 0 with incomplete
linkage.
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Figure 8: Simulated percentage relative errors for intercept and slope coefficients in linear
regression under random linkage errors: Sample - Register of the Case 1 with incomplete
linkage.
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Figure 9: Simulated percentage relative errors for intercept and slope coefficients in linear
regression under random linkage errors: Sample - Register of the Case 2 with incomplete
linkage.
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