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The authors analyzed the thermionic cooling efficiency of the cylindrical semiconductor
nanostructures. It is shown that due to the reduced emission current from the inner electrode, the
cooling efficiency can be enhanced if the outer cylinder is the cold electrode. The threshold voltage
for thermionic cooling is lower in cylindrical devices as compared to that in planar devices. The
competition between the heat transport by electrons and the heat conduction by phonons is
responsible for the efficiency enhancement and the voltage reduction. © 2006 American Institute of
Physics. 关DOI: 10.1063/1.2361263兴
The basic structure of the thermionic cooler consists of
two planar electrodes separated by a potential barrier, such as
metal-vacuum-metal system.1 Recently, thermionic devices
based on semiconductor layered structures 共e.g., doped quantum wells separated by undoped barriers兲 were proposed and
investigated.2,3 The semiconductor systems were considered
as a promising candidate for thermionic cooling due to their
low work functions. The science of thermionics and its potential application in integrated cooling of electronic and optoelectronic devices have attracted considerable interest both
theoretically and experimentally.
Several schemes have been proposed to improve the
cooling efficiency, including multilayer structures,3 optothermionic refrigeration,4 nonconserved lateral momentum,5 injected electrons via resonant tunneling,6 reversible electronic
transport,7 and zigzagged barrier.8 In experiments, the cooling of up to a few degrees was reported in thermionic cooling devices.9–11 It is still a challenge to search for different
mechanisms and structures for high efficiency of thermionic
cooling.
Most thermionic cooling devices are based on the planar
semiconductor nanostructures. In such a thermionic cooler,
the applied voltage must exceed threshold voltages above
which both the electrical and heat currents are flowing from
the cold electrode to the hot electrode. This threshold voltage
represents the minimum bias for the current to flow again the
temperature gradient. To lower the threshold voltage, one
needs to enhance the emission of the cold electrode relative
to that of the hot electrode or to reduce the thermal conductivity due to phonons. In this letter, we propose to use cylindrical semiconductor nanostructures for thermionic cooling.
In such structures, the emission from the inner electrode is
always smaller than that from the outer electrode. As a result,
a lower threshold voltage and higher efficiency can be
achieved.
Figure 1 shows the schematics of the cylindrical semiconductor nanostructures with the outer cylinder as the cold
electrode. According to Richardson’s formalism, the thermionic electrical current densities emitted from the inner and
outer electrodes are given by
a兲
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JEa共b兲 = e

冕

vk · nf共Ek − EFh共c兲,Th共c兲兲g共k兲dk,

共1兲

with the integrals limited in the ranges of Ekr − EFh ⬎ U0 + eV
and Ekr − EFc ⬎ U0, respectively. Here U0 is the work function
of the electrode, n is the radial unit vector, kr = k · n, the density of states g共k兲 = 2 / 共2兲3, f共Ek − EF , T兲 is the Fermi-Dirac
distribution function, Ek = ប2k2 / 2m*, vk = 共1 / ប兲 ⵜ Ek, and Th
and Tc are the temperatures of the hot and cold electrodes.
The electron charge e is taken as positive for clearness.3
The total net electrical current density JE共r兲 at any position inside the barrier region satisfies the total current conservation, 2aLJEa + 2bLJEb = 2rLJE共r兲, where L is the
length along the z direction and 2rL is the area normal to
the direction of electronic transport. We obtain

JE共r兲 =

aJEa + bJEb
,
r

共2兲

where r is in the range of a 艋 r 艋 b. From the above equation,
the net electrical current density at the outer electrode is
obtained as JE共b兲 = 共a / b兲JEa + JEb, which is dependent on the
radii a and b of the cylinder.
The heat current densities accompanied with the emitted
electrical current densities from the hot and cold electrodes
are given by

a共b兲
=
JQ

冕

共Ek − EFc兲vk · nf共Ek − EFh共c兲,Th共c兲兲g共k兲dk,

共3兲

with the integrals limited in the same ranges as that for the
Eq. 共1兲.
Across the barrier, there exists the heat conduction by
phonons. The corresponding heat transfer density from the
hot electrode to the cold electrodes in a cylinder structure is
given as12 q⬙共r兲 = ⌬T / 关r ln共b / a兲兴, where ⌬T = Th − Tc and 
is the thermal conductivity of the barrier materials. To get
this result, one needs to find the temperature distribution by
solving the heat equation with the cylindrical boundary condition. After the temperature distribution is obtained, the heat
transfer density is given by Fourier’s law q⬙ = − ⵜ T.
The total net heat transfer density JQ共r兲 at any position
r 共a 艋 r 艋 b兲 satisfies the energy balance equation,
a
b
+ 2bLJQ
+ 2rLq⬙共r兲 = 2rLJQ共r兲. Then we get
2aLJQ
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FIG. 1. Schematics for thermionic cooling in cylindrical semiconductor nanostructures with the outer cylinder as the cold electrode.

JQ共r兲 =

a
b
+ bJQ
aJQ
⌬T
+
.
r
r ln共b/a兲

共4兲

At the cold electrode, the net heat density can be written as
a
b
+ ⌬T / b ln共b / a兲 + JQ
.
JQ共b兲 = 共a / b兲JQ
The cooling efficiency is defined as R
= JQ共b兲 / 关JE共b兲V兴. For the present system, we obtain

R =

a
b
+ ⌬T/b ln共b/a兲 + JQ
共a/b兲JQ

共共a/b兲JEa + JEb兲V

.

共5兲

The efficiency is now determined by the radii a and b.
Let us discuss the limit situations. For a Ⰷ d, where
d ⬅ b − a is the barrier width, the resulting cooling efficiency
R in Eq. 共5兲 is reduced to the formula of the conventional
layer structure with two parallel plate electrodes as follows:
R = 共JQa + ⌬T / d + JQb兲 / 关共JEa + JEb兲V兴. In the limit of small cylb
inders, we have R = JQ
/ 共JEbV兲 from Eq. 共5兲, where we had
used ⌬T / b ln共b / a兲 → 0 with a → 0. At this limit, the heat
conduction is frozen and the heat load disappears.
As a requirement for thermionic emission, the electron
must be thermally excited over the barrier and no tunneling
through the barrier occurs. The barrier width d for most
semiconductors is between 10 and 100 nm.3 Further to satisfy the continuing energy spectrum for thermal electron
emission used in the present formalism, the radius of the
inner cylinder should be more than the nanometer size, a

FIG. 2. Cooling efficiency of cylindrical structures 共with the outer cylinder
as the cold electrode兲 vs the applying voltage at a fixed radius of the inner
cylinder 共a兲 and at a fixed width of barrier 共b兲.

艌 100 nm. In numerical calculation, we used parameters of
GaAs/ AlGaAs/ GaAs structures, m* = 0.07me, EFh = 15 meV,
U0 = 0.1 eV, and the lattice thermal conductivity
 = 5 W / mK, estimated from the experiment.13 The working
temperatures are Tc = 620 K and Th = 650 K.
In Fig. 2 we show the cooling efficiency of cylindrical
structures with the outer cylinder as the cold electrode. The
cooling characteristics vary with the inner radius a and the
barrier width d. At fixed a 共Fig. 关2共a兲兴, the enhancement of 
with d is mainly due to the reduction of phonon heat current.
This d dependence is common to both planar and cylindrical
structures. Figure 2共b兲 shows the enhancement of  and the
reduction of threshold voltage as a decreases while d is
fixed. It can be seen that better performance can be achieved
with smaller cylinders. Figure 3 illustrates the threshold voltage for different inner radius a. For a fixed barrier width, for
example, d = 70 nm, the threshold voltage increases with the
radius of the inner cylinder and finally reaches the value of
two planar structures at very large radius a. For special parameter d = 50 nm, the threshold voltage of the planar system
is not defined. By the combination of Figs. 2共b兲 and 3, we
notice that the cylinder structures may work well under small
voltages below the threshold voltage of the corresponding
planar structures. This situation is shown in Fig. 2共b兲 for
voltages between 0.025 and 0.050 V. A cooling efficiency
higher than 0.8 can be achieved.
Figure 4 shows the cooling efficiency versus the radius
of the inner cylinder at several fixed barrier widths. The applied voltage is kept at V = 0.08 V. The cooling efficiency
increases with the decreasing radius of the inner cylinder.
This is because 共i兲 the heat backflow due to phonons decreases with a, and 共ii兲 the ratio of the total thermionic emission from the cold electrode to that from the hot electrode
increases with a. For narrow barriers, there exists a cutoff
radius ac above which cooling cannot be achieved. If the
barrier is wide enough such that ac does not exist, the effi-

FIG. 3. Threshold voltage vs the radius of the inner cylinder at several fixed
widths of the barrier.
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FIG. 4. Cooling efficiency of cylindrical structures 共with the outer cylinder
as the cold electrode兲 vs the radius of the inner cylinder at several fixed
barrier widths.

ciency approaches the corresponding values of the planar
structure. Thus we may achieve higher cooling efficiency by
using smaller cylindrical structures with a fixed barrier
width.
Unlike the planar structure, there is no symmetry in exchanging the hot and cold electrodes in the cylinder structure. Using the inner cylinder as a cold electrode is not beneficial to the thermionic cooling with the maximum cooling
efficiency no more than that of the two parallel plates. When
the radius of the inner cylinder is very large compared with
the barrier width, the cooling efficiency approaches the corresponding values of two parallel plates. Figure 5 shows this
behavior, where the parameters are the same as those used in
Fig. 4. There exists the threshold radius at of the inner cylinder for different barrier widths, for example, at = 302 nm
for d = 80 nm. The refrigerator with a ⬎ at and a suitable barrier width begin to work. It should be emphasized that the
thermionic cooling efficiency is enhanced by using the outer
cylinder as the colde electrode while it is suppressed with the
inner cylinder as a cold electrode. The improvement in efficiency presented here is purely due to the change from planar
to cylindrical geometry. Any previous improving
strategies3–8 can be applied to further enhance the cooling
efficiency in this structure.
We emphasize that results given in Figs. 3–5 show some
advantage of using cylindrical structures and devices perform better as a decreases at fixed d. The d dependence of 
is common to both planar and cylindrical structures therefore
does not represent the advantage of the cylindrical structure.
The reason of plotting the same a-dependence curve with
several different d is not to show the enhancement of  with

FIG. 5. Cooling efficiency of cylindrical structures 共with the outer cylinder
as the hot electrode兲 vs the radius of the inner cylinder at several fixed
barrier widths.

d but rather to demonstrate that the a dependence is not
altered when d varies.
In summary, we have shown that thermionic cooling efficiency can be improved with the use of cylindrical semiconductor structures. Such systems also have smaller threshold voltages. The competition between the heat transport by
electrons and the heat conduction by phonons is responsible
for the efficiency enhancement and the voltage reduction.
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